
不定积分手册 by MuKe

1 不定积分的引入

1. ∫
1

x
dx = ln |x|+ C, x ̸= 0

准确说，应该写成： ∫
1

x
dx =

ln(−x) + C1, x < 0

lnx+ C2, x > 0

但我们常常略去等号成立条件，只写成最上面的形式.

2. ∫
sinhxdx = coshx+ C

∫
coshxdx = sinhx+ C

∫
1

cosh2 x
dx = tanhx+ C

∫
dx√
1− x2

= arcsinx+ C = − arccosx+ C

∫
dx

1 + x2
= arctanx+ C = −arccotx+ C

3. ∫
x2

1 + x2
dx =

∫
1dx−

∫
dx

1 + x2
= x− arctanx+ C

4.需要指出：
d

dx

∫
f(x)dx = f(x)

d

∫
f(x)dx = f(x)dx∫

df(x) =

∫
f ′(x)dx = f(x) + C

2 换元积分:第一积分换元法(凑微分)，第二积分换元法

5.需要知道：

dx =
1

a
d(ax+ b), a ̸= 0

xαdx =
1

α+ 1
d(xα+1), α ̸= −1

1

x
dx = d(ln |x|)
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axdx =
1

ln a
d(ax), a > 0, a ̸= 1

exdx = d(ex), e−x = −d(e−x)

sec2 xdx = d(tanx)

dx√
1− x2

= d(arcsinx)

dx

1 + x2
= d(arctanx)

sinhxdx = d(coshx), cosh dx = d(sinhx)

1

cosh2 x
dx = d(tanhx)

dx

x lnx
= d(ln lnx)(

1− 1

x2

)
dx = d

(
x+

1

x

)
(
1 +

1

x2

)
dx = d

(
x− 1

x

)
(x+ 1)exdx = d(xex), (lnx+ 1)dx = d(x lnx)

6. ∫
x

1 + x4
dx =

1

2

∫
d(x2)

1 + (x2)2
=

1

2
arctanx2 + C

∫
tanxdx =

∫
sinxdx

cosx
=

∫
d(cosx)

cosx
= − ln | cosx|+ C

∫
x2 − x4

(x2 + 1)4
dx =

∫ 1
x2 − 1

(x+ 1
x
)4
dx = −

∫
d(x+ 1

x
)

(x+ 1
x
)4

=
1

3(x+ 1
x
)3

+ C =
x3

3(x2 + 1)3
+ C

注：这里的定义域实际上发生了改变，但实际上并不影响，事实上，我们有：

Proposition : f, F ∈ C(−∞,+∞), F ′(x) = f(x) if x ̸= 0. then F ′(0) = f(0)

Proof : F ′
+(0) = lim

x→0+

F (x)− F (0)

x− 0
= lim

x→0+
F ′(θx) = lim

x→0+
f(θx) = f(0).

Similarly, F ′
−(0) = f(0).

Thus, F ′(0) = f(0).

7. ∫
dx

a2 − x2
(a > 0) =

1

2a

∫ (
1

a− x
+

1

a+ x

)
dx =

1

2a
ln

∣∣∣∣a+ x

a− x

∣∣∣∣+ C

∫
secxdx =

∫
cosx

cos2 x
dx =

∫
d(sinx)

1− sin2 x
=

1

2
ln

∣∣∣∣1 + sinx

1− sinx

∣∣∣∣+ C = ln | secx+ tanx|+ C
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∫
dx√

a2 − x2
(a > 0) =

∫ d
(x
a

)
√
1−

(x
a

)2
= arcsin

x

a
+ C

∫
dx

1 + ex
=

∫
e−xdx

1 + e−x
= −

∫
d(1 + e−x)

1 + e−x
= − ln |1 + e−x|+ C

8.需要知道的： √
1− sin2 x = cosx, x ∈

[
−π

2
,
π

2

]
√
1 + tan2 x = secx, x ∈

(
−π

2
,
π

2

)
√
sec2 x− 1 =

tanx, x ∈ [0, π
2
),

− tanx, x ∈ (π
2
, π]√

cosh2 t− 1 = sinh t, t ≥ 0√
1 + sinh2 t = cosh t, t ∈ R

9. ∫ √
a2 − x2dx(a > 0)

x=a sin t
= a2

∫
cos2 tdt =

a2

2
arcsin

x

a
+

1

2
x
√
a2 − x2 + C

∫
dx√

x2 − a2
(a > 0, |x| > a)

x=a sec t
=

∫
a sec t tan t

±a tan t
dt = ±

∫
sec tdt = ± ln | sec t+ tan t|+ C

=


ln

∣∣∣∣xa +

√
x2 − a2

a

∣∣∣∣+ C = ln |x+
√
x2 − a2|+ C, x > a

− ln

∣∣∣∣xa −
√
x2 − a2

a

∣∣∣∣+ C = − ln |x−
√
x2 − a2|+ C, x < −a

= ln |x+
√
x2 − a2|+ C

10. ∫
dx

x
√
x2 − 1

(x > 1) = −
∫ − 1

x2dx√
1− 1

x2

= −
∫

d( 1
x
)√

1− 1
x2

= − arcsin
1

x
+ C

11.something special:∫
dx√

(x− a)(b− x)
(a < x < b), use x = a cos2 t+ b sin2 t, 0 < t <

π

2

∫
dx

(x+ a)m(x+ b)n
(m,n ∈ N∗), use t =

x+ a

x+ b

3 分部积分

12. ∫
f(x)g(x)dx = F (x)g(x)−

∫
F (x)g′(x)dx
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∫
g(x)dF (x) = F (x)g(x)−

∫
F (x)dg(x)

13. ∫
lnxdx =

∫
lnx(1)dx = x lnx−

∫
x
1

x
dx = x lnx− x+ C

可以利用递推求某些不定积分：∫
lnm xdx = x lnm x−m

∫
lnm−1 xdx

∫
xn lnm xdx =

xn+1 lnm x

n+ 1
− m

n+ 1

∫
xn lnm−1 xdx

14. ∫
x cosxdx =

∫
xd sinx = x sinx−

∫
sinxdx = x sinx+ cosx+ C

进一步考虑一下几个积分递推，可以计算下面几个积分的通项：∫
x2n sinxdx = −x2n cosx+ 2n

∫
x2n−1 cosxdx

∫
x2n−1 cosxdx = x2n−1 sinx− (2n− 1)

∫
x2n−2 sinxdx∫

x2n−2 sinxdx = −x2n−2 cosx+ (2n− 2)

∫
x2n−3 cosxdx∫

x2n−3 cosxdx = x2n−3 sinx− (2n− 3)

∫
x2n−4 sinxdx

同理可以有： ∫
xneaxdx =

xneax

a
− n

a

∫
xn−1eaxdx

15.∫
eax cos bxdx =

1

a

∫
cos bxdeax =

1

a
eax cos bx+

b

a

∫
eax sin bxdx =

1

a
eax cos bx+

b

a2

∫
sin bxdeax

=
1

a
eax cos bx+

b

a2
eax sin bx− b2

a2

∫
eax cos bxdx

移项得： ∫
eax cos bxdx =

eax

a2 + b2
(a cos bx+ b sin bx) + C

注1：这里两次分部积分要选择同一函数类型，否则不能达到上面那般“解方程”的效果.

注2：上面是选择 eax 作为分部积分的起点，当然也可以尝试对 cos bx 进行两次分部积分.

16. ∫
esin x · x cos

3 x− sinx

cos2 x
dx =

∫
esin x cosxdx−

∫
esin x · sinx

cos2 x
dx

=

∫
xd(esin x)−

∫
esin xd

(
1

cosx

)
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= xesin x −
∫

esin xdx− esin x · 1

cosx
+

∫
esin xdx

= esin x(x− secx) + C

注：这里是分别对两个积分运用分部积分公式，得到了两个相同的结构相互抵消，解决了某些积分无法计

算的问题.

17. ∫ √
x2 − a2dx(a > 0) = x

√
x2 − a2 −

∫
x · x√

x2 − a2
dx = x

√
x2 − a2 −

∫
x2 − a2 + a2√

x2 − a2

= x
√
x2 − a2 −

∫ √
x2 − a2dx− a2

∫
dx√

x2 − a2

移项得：∫ √
x2 − a2dx =

1

2
x
√
x2 − a2 − a2

2

∫
dx√

x2 − a2
=

1

2
x
√
x2 − a2 − a2

2
ln |x+

√
x2 − a2|+ C

18.更多关于递推的问题：

(1)

In =

∫
dx

(x2 + a2)n
, n ∈ N∗

In =
1

a2

∫
x2 + a2 − x2

(x2 + a2)n
dx =

1

a2
In−1 −

1

a2

∫
x2

(x2 + a2)n
dx

=
1

a2
In−1 +

1

2(n− 1)a2

∫
x

[
1

(x2 + a2)n−1

]′
dx

=
1

a2
In−1 +

1

2(n− 1)a2

[
x

(x2 + a2)n−1
−
∫

dx

(x2 + a2)n−1

]
=

2n− 3

2(n− 1)a2
In−1 +

x

2(n− 1)a2(x2 + a2)n−1

(2)

In =

∫
sinn xdx(n ∈ N∗) = −

∫
sinn−1 xd(cosx)

= − sinn−1 x cosx+ (n− 1)

∫
sinn−2 x(1− sin2 x)dx

= − sinn−1 x cosx+ (n− 1)(In−2 − In)

可得：

In =
n− 1

n
In−2 −

1

n
sinn−1 x cosx

(3)

In =

∫
tann xdx =

∫
tann−2 x

sin2 x

cos2 x
dx =

∫
tann−2 x

1− cos2 x

cos2 x
dx

=

∫
tann−2 xd(tanx)−

∫
tann−2 xdx =

1

n− 1
tann−1 x− In−2
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19.补充积分表：

∫
dx

a2 + x2
=

1

a
arctan

x

a
+ C, a ̸= 0

∫
dx

a2 − x2
=

1

2a
ln

∣∣∣∣a+ x

a− x

∣∣∣∣+ C, a ̸= 0

∫
dx√

a2 − x2
= arcsin

x

a
+ C, a > 0

∫
dx√

x2 ± a2
= ln |x+

√
x2 ± a2|+ C

∫ √
a2 − x2dx =

x

2

√
a2 − x2 +

a2

2
arcsin

x

a
+ C, a > 0

∫ √
x2 ± a2dx =

x

2

√
x2 ± a2 ± a2

2
ln |x+

√
x2 ± a2|+ C∫

tanxdx = − ln | cosx|+ C∫
cotxdx = ln | sinx|+ C∫

secxdx = ln | secx+ tanx|+ C∫
cscxdx = ln | cscx− cotx|+ C
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4 纯享积分表

∫
secx tanxdx = secx+ C,

∫
cscx cotxdx = − cscx+ C∫

sec2 xdx = tanx+ C,

∫
csc2 xdx = − cotx+ C∫

sinhxdx = coshx+ C,

∫
coshxdx = sinhx+ C∫

1

cosh2 x
dx = tanhx+ C∫

dx√
1− x2

= arcsinx+ C = − arccosx+ C

∫
dx

1 + x2
= arctanx+ C = −arccotx+ C∫
x

1 + x4
dx =

1

2
arctanx2 + C∫

dx

1 + ex
= − ln |1 + e−x|+ C∫

dx

x
√
x2 − 1

(x > 1) = − arcsin
1

x
+ C

∫
lnxdx = x lnx− x+ C∫

x cosxdx = x sinx+ cosx+ C∫
dx

a2 + x2
=

1

a
arctan

x

a
+ C, a ̸= 0

∫
dx

(a2 + x2)2
=

1

2a3

(
arctan

x

a
+

ax

x2 + a2

)
+ C

∫
dx

a2 − x2
=

1

2a
ln

∣∣∣∣a+ x

a− x

∣∣∣∣+ C, a ̸= 0

∫
dx√

a2 − x2
= arcsin

x

a
+ C, a > 0

∫
dx√

x2 ± a2
= ln |x+

√
x2 ± a2|+ C

∫ √
a2 − x2dx =

x

2

√
a2 − x2 +

a2

2
arcsin

x

a
+ C, a > 0

∫ √
x2 ± a2dx =

x

2

√
x2 ± a2 ± a2

2
ln |x+

√
x2 ± a2|+ C∫

tanxdx = − ln | cosx|+ C∫
cotxdx = ln | sinx|+ C
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∫
secxdx = ln | secx+ tanx|+ C∫
cscxdx = ln | cscx− cotx|+ C
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