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Chapter 1: ¥:4&4AIR
L1 BRAAERX
1.1.1 Young A&R,

/ Thm

1 1 N
a)b>0’paq>1’ ﬁ_—i__:l’ mlja_+_2ab
p q p q

PROOF:
RATERS 27 72 (0,+00) LR Ly, FiATRAIAIELE « — 1 AbRIYIL y — %m + % R I L7, B
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1 1 L o U
MFERN >0, Hy= ot 2oF, Rilbo— -+, W5
1 4
— =
pv q V7
e
E + 3 > u%vl_% = u%v%
p q

2 u=a"v=">, WALAEE

—ANH R HER A € i Young R4, BP
/ Cor
MRS, *e >0, fea? +e wb7 > ab.

PROOF:
R Young RERA M a = e7a, b=e b BT

1.1.2 Holder A%&x,

/ Thm

Q C R” JAfilF4E, p,g> 1, ﬁ%+%=1, B feLr(),ge LY, WA f,ge L), HH

179l < [1f]] v llgl] 2o

PROOF:
1£ Young REEK 4
@, @)
@’ - Te@lle
Rl
f@y@  _ _f@PF | lg@)
@) lzle@lz ~ Alf@le  ds@)
LTRSS
Ufglle 1.1
Aleldz =2 e =1t
FREAEE T

gl < |£ll e llgl]cs

1.1.3 Minkovski &5,

/ Thm
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QCR AW, p>1, HHfgeLr(Q), WHIf+dle <Iflle + llgller
PROOF:
BRRNVEERI £+ g€ £P(Q), XEHEK

f(z) + g(z)|P < (2max(|f(z)], |9(z)]))? < 2 (|f(2)? + |g(z)|?)
%uf+wdﬂm,é%=1—%,ﬁm&%ﬂﬁ+mmeﬁmb,&mMHK%ﬁﬁ

1F - (f + 9P < Flleol|(f + 9P ees Nlg- (F+9)™ e < Nlglleol|(f + )P/ o

LG

F+glP=f+gl-|f+g” <|fl-|f +gP?+|g| - |f + g2
WHLRS, A

1f +9lB < IIf- (F+ )Pz + llg- (F+ 9P er < N1flleel|(F + 9P/ 2o + gl 2ol | (f + 9)P/9|

W E

1(f + 9)"%| 2o = || f + g2

Bt A
I1f =+ glB < (1f1lze + llgll o)1 f + gl[2E
234
1f+ gl < [ £llee + llgllce
1.1.4 %) 24k

/ Thm(arzela ascoli)

FcCOM), MAZSE, C(M)A M ERESRE, f: FIIR — F B8R HERES.

/ Def
AR X B8 M AR R, R A R AR

XU I L2 B (precompact).

/ Def

WA X B4R FARCORSAR, WEREREAE— PSS 5. FROD SRR e, ansRIL b e
FE—FHIFES ST 5. F ORI, WERAERCE 534 2 AR 51l.

¢ Thm
Y1<p<ooht, LP(Q) HHESAHIINRN — RHHIEHAR.

¢/ Thm
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%1 <p<oolf, BEL X C LP(Q)HIXF IR BT b BN -
D) {l[fller | f € X} HH-

(D£%LU@+M—ﬂ@Wm=0Nf€X~ﬁ&j,w%ﬁX%Eﬁﬁ

(3) ¥ f € X —5Af lim f(z)|Pda = 0,
=0 J |z|>R,xcQ
1.2 g, BWTeR%, BhiL#
2 Def

a € N" RESERE, Ha=(a, -, 0n), BEXL o] =) ai.

FATE L
. a|a\u
u = 04y - .- 0%y
TREATAPAE XL
/ Def

CH(Q) Hg Q k-l i ST iy 2R R SR A, FREE N

lulro = Z sup |0%ul

o<k

FzeR", ac N, FfTEX

RMK: C*(Q) 1254 BTkt 4 52 i) A1 Banach 52 i),
1.2.1 BEAS #

/ Def
Co° () A Q@ ERARZRHEREBE
TATAT ASE LAE Co* () AT iesi, % {on(2)} C Co (92) ST 0 48

« FE—ARBEK, ERNTIERM ¢n(z), A supp ¢, C K.
© on(z) MAEREZEHT o o #5115 @ —Zoles 2] 0. B

lim (sup|6°‘¢k(m)\> =0

k—oo \ zeQ

/ Def

ﬁﬂ@ecfﬁﬂﬁgﬁﬁ@ﬁj%Eﬂmm@OCBMD:&ERWMRJLJWW%AJ@mm:L


af://h4-8
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XFe > 0, RANLI(2) = = (2, Bie(e) HBNEE

N N . - 1 . X . . £ €T . \ W
R /an(x)dx =1, Jﬂ'J%‘ﬂl]ﬁ/Rngs(m)dx = /Rn —j (—)d:z: = /R"] (;)dz — 1, FF DA A% R At
L IF HEE Yo% je (2) WSZ RS TE B (0) .

J(x) By SR -
_ L et/eP-n), |z <1
jz) =1 A ’
0, |z| > 1
Hr A= et/ ("D qg,
B1(0)
/ Def

T EE v e L, (R"), &
ue(z) = (Je xu)(z) = i-(z — y)u(y)d
@) = Ger0)@) = | ie - vy
R ue(z) A u(z) B EEE.
B f BT Li,o(Q), YHACUN TAEREHE K C Q, #A:

[ @) de < o0

RAVER,
5@ = [ ae—wiea= [ i@ -vw= [ e -oa

XEFBATIR f AU £, W f T AEAE {z € U | d(z, 0U) > e} L.



C.5. Convolution and smoothing. We next introduce tools that will allow
us to build smooth approximations to given functions.

NOTATION. If U C R" is open and € > 0, we write
U.:={x e U |dist(x,dU) > ¢}.
DEFINITIONS.
(i) Define n € C=®(R") by
n(x) = {C EXP(|x|2 1) if x| <1
0 if |x| > 1,

the constant C > 0 selected so that [, ndx = 1.
(ii) For each € > 0, set

1 /x
Ne(x) = E—HT](E)
We call n the standard mollifier. The functions 7. are C*° and satisfy

f nedx =1, spt(n.) C B(0,¢).
Rn

DEFINITION. If f : U — R is locally integrable, define its mollification
fe =N * f in U;

That is,
ffx) = f ne(x —y)f(y)dy =f ne(y)f(x —y)dy
u B(0.e)
for x € U..

THEOREM 7 (Properties of mollifiers).
(1) f° e C=(p).
(ii) f¢ — fa.e ase— 0.
(iii) If f € C(U), then f° — f uniformly on compact subsets of U.
(iv) If1 < p < o0 and f € Ly, (U), then f¢ — fin LY, (U).

Proof.
1. Fixx € U.,i € {1,...,n}, and h so small that x + he; € U.. Then
fg(x+hei]—f€(x) l 1] (x+hei—y) X — V]
A T A n( . )_f(y)dy
1[I x+hei—y) X —yy]
= nﬁh_”(—s —n( - )_f(y)dy




for some open set V CC U. As

() a2 - ()

uniformly on V, the partial derivative f; (x) exists and equals

f Dex, (X = VI dy.
u

A similar argument shows that D f¢(x) exists, and

D f(x) = f DU(x = )f ) dy (x€ Uy,

U

for each multiindex a. This proves (i).

2. According to Lebesgue’s Differentiation Theorem (§E.4)),

F—

4) lim f FO) = ()] dy = 0
B(x.r)

for a.e. x € U. Fix such a point x. Then

7= 1@l =| [ nx=yIfe) - f00) dy‘
B(x,z)
<5 | (e - rerdy

B(x,g)

i:C]( |f(y)— f(x)|dy =0 ase—0,
B(x.c)

by (4)). Assertion (ii) follows.

3. Assume now [ € C(U). Given V cC U, we choose V cC W ccC U and
note that f is uniformly continuous on W. Thus the limit () holds uniformly

for x € V. Consequently the calculation above implies f* — f uniformly on

V.

P

4. Next, assume 1 < p < oo and [ € Lj,.

(U). Choose an open set V CC

U and, as above, an open set W so that V cC W CccC U. We claim that for

sufficiently small e > 0

(5) <Ny < W fllzeqw)-



To see this, we note thatif ] < p<occandx €V,

[fE(0] =

f nex = )F () dy
B(x,c)

< f 7P (x — )P (x — )| ()| dy
B(x,z)

1-1/p 1/p
< ( f Ne(x = y) dy) ( f ne(x = If (y)lpdy) :
B(x.c) B(x,g)

Since fB[x,e) ne(x — y)dy = 1, this inequality implies

f FEP dx < f ( f ng(x—y)lf@)lpdy)dx
V o B(x.c)

< p (x—y)dx)dy = P dy,
< L )l ( fB R x) y fw_ )P dy

provided e > 0 is sufficiently small. This is ([3).
5. Nowfix V.cCc W cc U, d > 0, and choose g € C(W) so that

f — glleqwy < 6.
Then

If¢ = fllzeary < IIF€ = &°lleeary + 1185 — gller) + 118 — fllzeo)
<2||f — glleew) + |18° — &llrry by @)
<25+ ||g° — glleqry-

Since g° — g uniformly on V, we have limsup__ [|f* = fllzrgr) < 26.

2025-09-10

Fepid, W f(z) € Co(R™), #supp f C K, Hip KERE, MEAL8:
fe(2) € C°(R™)
HHA

supp f: C K. :={z | d(z, K) < &}

fo(z) = / 5 () f(z — y)dy
B.(0)
ﬂ:‘id(l’,K) >5H9 X:j‘:‘F‘yeBs(O)’ ﬁf(m_y) gK’ y\ﬁﬁf(x_y) :0’ :FT{IE'Sfe(iv) = 0.

BAVEAL®E: He 0" B, fo— f

/ Thm



B QHTFE, flz) € C(Q), WA QMIERETHEK, SR {f (o)} £ K F—8ksi3] f(z).
PROOF:

B K CQ, REKRZ I ENRE, MEAENSE F B K CF°CFCQ.

P DATRAT A AFLE €0 > O 45 Koe, C Q., KATA

= {7 5k

Xﬂ‘?ﬁ%ﬁﬂ@0<8§€o, EXJE 5@%5’[’:1‘2, ﬁ

fe(z) = Je(2)  f(2) € CF°(Q)

supp?;C K. e C Koy, CQ

[ Fua=v) -
[ 5= s@) - Fay
< [ Le-ulfe@

< s |f@-F)l [ L

zeK,|z—y|<e

TRNTEENz € K, BAITHHE

———

|fe(z) = f(z)] =

f(z)

— fly)|dy

= sup [f(z) - f(y) =0

$€K7\w—y|§6

RGN ¢ € K —Fhy, BRIk

/ Cor

Q BIFE, W f(z) € CHQ), WRF Q WML —S48E K, W DLME R % Bl f. a8 PR
acN", |a| <k,

05 f:(z) = 05 f(z) (e —07)

PROOF:
[ B BAVRIEAFAE €0 > 045 Koo, C Q., TATS

— flz), zeK,
{07 T g KEO



HAM
osF.— 031l = |0z [ Fita sy~ [ 05f(e)uta sy

— / F(y)0sJ.(z — y)dy — / 05 f(z)Je(z — y)dy‘

. T / F()82J.(z — y)dy — / 9% f(z)Je(x —y)dy‘

_ A{"@?f(y Ew—ydy—[Rnag st(w—y)dy‘

= | [ (o)~ 024()) 7~ )y

sup |05F(w) -~ 02£(e)]| [ 1.wlay

lz—y|<e

IN

%/IQJEKHTJ‘, EE:‘F‘|$_y|<5, ﬁﬁVJ\yGKe, ﬁﬁpj\f(y):‘f(y), ﬁﬁpj\

sup |92 Fly) — 82 f(x)| = sup |03 f(y) — 82 f(x)| — O(e — 0)

lz—y|<e |lz—y|<e

BRSO T %
RMK: 3115 SRSt 5, B
1) [ Fogate - vy = [ 05Fwite - vy

XA R AL T R 2 W 43843 (Integration by Parts), J:H 2559% (Weak Derivative)
47 5% (Distributional Derivative) & X i#%.0 B AH .

AV —HE R YOR IR OUT IR B, XLHEEMW. Bikn=1H o =1, RATEZLE:

14ﬂw%¢w—w@=[;%ﬂmkm—w@

G IRH A RUAY A R /(n:m_/Qwo
~ d d
FA14 v = f(y) FH d—yJE(w—y)dy, 4 du = d—yf( y)dy I H v = J.(z — ).
RN B AR

[ Fogode—van= [foe -] - [ -y

—00

X B SRR T R B T (2) WPERT . Jo R — B (mollifier), ‘BEHARZER (compact support).

o B EBETREXNRELE-NMERXIBZAIMEZETE. RN, FE-NPR RN R, 5N
|z| > RB}, J.(2) =0,

o WFERMIBEREL J(x —y), HBlz—yl >ehf, BEENZT. XBERENSTEEEEN ¢, HyHEnT
+o00 B —oco B}, [z — y| BAREKRT €.

o Wi, it Fly) MR 4, R [T e —y)| RS TR

iR, iR g A AL -

[%ﬂmggaw—ymy:—/f;%ﬂmkw—ymy



PiIAFEDL -1, AR T —4ERE DL T RS R
XA SRR A 2] n 4 [AME R S AR S8 o = (o, ..., o)

TEEges g, 4 aBFRAr R TR iRl BE 83 (Gauss's Divergence Theorem) . jiid &8 MW XM EH, &
AT LK S B — AR5 80 5 — A ek 3 b

XAHEF R OB RE— TSR RS, R e BN 5L b
A==k BATBRZIEN, NTEE—ADFT My GlAyL,ye, ..y FE—A) , IR ARRAL:

= 0Tz — af|
Fup 2o W gy [ O1W 5 gy
R~ 8y1 R» ayl
FATRE, NTHAEE g Fh, BN R FER :
d dg oh
%@M %h+®z

I 55

3h 0 (9g

BAE, TATIEREA R" 2 AR R TR

ahd_/ 9 ma /ag
R"gayi Y n OY; g V7 fe Oyi

BAVRAEFS BRI A D — B T % A THEHRBEEHE, RINTE-AKES . RIREE—E
WHHRMRES F, BEMAS B EAZ, BTHIA5R:

F(y) = (0,...,0,9(y)h(y),0,...,0)

(%)

——
FitoE

BAE, AKX KRB F EE

_ OF, OF; OF, @
V'F—a—yl+"‘ 6—l+“‘+m—0+ +8yl(g(y)h(y))+ +0

Bk, BAIGE]:

0
V-F=g lgh)

I R R AT / / /V (V-F)dV = §4(F - n)dS.

AT RAEREA R 20 LT, FESRRRRIED, BATR—AEHER RISV (Flan—A-PE08 R @R
®) , WEBY, WEILRBERTEER, XXV RIRES (PR R @EERE) -

B BAIMIIE B FARN B 7

/V 81 (9- h)dy = /S (F -n)dS

Hoan BB R SHBANAINERE. F-nlaREgERE Fni+ -+ Fni+--- = (9- h)nio
i ABRAA -



/v a(; (9-h)dy = /S(g- h)n;dS

BAE, BATIEERBEERN . 4 9(y) = f(y) FFH h(y) = Je(z — y)o
SRR T /S Fo)J-(x — y)nadS.

X R R R AL J. RARSZEE (compact support). XTI KM K, MR MLRS B
WhE, WLBABITHERHRRES:

/Sf(y)Js(w —y)n;dS =0
F ARG Z, i EATER T :

lim

0 0
Pl B (g'h)dy—/n i (g-h)dy =0

BAER B BAVE L AR (+):

oh 0 0g
dy = ch)dy — hd
/Rngayi v= [, 8yi(g )dy y

~
0

oh . 0g
/ngayi dy = _/n Oy, hdy

TRBEANREET

SRR S 2 B B 4 R4
W KISR0, , AT, Bk, AT 0, M J. HR3] F:

F(@)8yJ-(z — y)dy = —/ 0y, f(y)Je(z — y)dy
R” Rn
AT REIAEE N J. 095 SZ A RmiE .

RATEHRS M SHUL 07 = 001 -+ 0%, XA RALA T M3t [of = oy + -+« + o, KRB REER— B

SR, BETIN—A (1) MR FHk, ERHAE lof KRS J.(z — y) #83 fy) 25, BSEapEE—
(—1) IR %L

XARE] T AR

(-0l [ fogd.(z —y)dy= | 05 f(y)J.(z — y)dy
R~ Rn

XAAREARGEA AP R RELE, FOYBIERE B E 5.

B F AT REAS RAB GRS BRI (WIS, ‘BRI REAERE L A R A SBRER) o ARG, FATAT DA R AR
AR SUE 5L

RATRERL 9 2 F I - 5898 GEfEg = 0°F) , WURATHA eH HEA KL HRM MIRER ¢ (FEFRA]
BB, Jo(z —y) B TixAAE) , DUNEREROL: >

[ swsway=(-1° [ Fwossway



Bk, ARSERE BB MBI J. R (RE) Bl F WESH 00T, XM BERS %
SRR B R B, AT e Rk SR O T E.

/ Lem B young A 25K,
Bt f € LP(R™) I H g € LYR™)o 1< p,q,7 < co FEHIBENFRE:

1 1
+==1+=
q T

=N | =

M2, EAER (f * g)(z) = /Rn fgle —y)dy REELH FFILRRAR ) , FAET L'(R") =
Al H L yEEEH R L T A%

I1f * gl < |1l z»llgll 2o

Kl 1: q=1
Witg € DR, IBAKHAN o +1 =1+ 1, KRKE T —p.
FARAN

1 * gl <[ fllzo]lgll 1

IR I — A BB, A—A L' BREER—A LY B, BANGRDRR—A L7 B, I
HAEBE WA G 16 oA OSBRSS IXAE M TR R, Y g B—AM AR GEWR L' %0 WA
Ho

¥l 2: r=oc0

RRATRIL BB f g o MIFER (BT L) , T4~ = 0.
RN o+ = L A (p.0) S AIEIAREC BB S0 IR
R

I % gllz= < 1710 lgl 2

XL, R f € LP H g e L3 Hp, ¢ RILHIHY, I EMNHERZE M HRESRL-

/’ Thm
u(z) € Lipe(R"), AIPAE X ue(z) = Je(z) * u(z), HAHEL®:

(1) #Fue L(Q), Muc=J.xue CZR").

(2) FHue Lie(Q), suppu C K cC Q, H dist(supp u, Q) > e, W u. = J. xu € CC(R").
3) uelP()(1<p< o), Mu.=J.xue LP(Q), H

|lueller < [|ullce,  Lm [fue —ul[zr =0
e—0*

PROOF:
RIS RAE AT C2ER], BUEIEISE = A4 0L B e RATE BRI Young A5, FiIAARA

lueller = [Ju* Jeller < |uller - [[Jellor = [lullcr

u(@) ~ @) = [ ww)@-y)dy- [ uw@ie-viy= [ () - u@)Ie - vy



i ARAI AT
fue =ity < [ | [ 0l —u@) e - pay| ac
i

/(Mw—uwﬁkw—yﬂyzf (u(y) — u(@))J. (= — y)dy
Rn

lz—y|<e

R4 By 2R e Setk, J1IE
lim R"(u(y) —u(@))J:(z —y)dy = lim ‘ziy‘ge(U(y) — u(z))J(z — y)dy = 0
S ERATAI
[ @)~ u@) (e — )| < fucle)| + u)
FSAL L7 TR, FRDERSBBREL, BV DCT R AV

. P o
lim Jlue — ulf?, =0

1.2.2 B H B
FBEK CCQRRE, W f(z) hBBTEE, R fHE f(z) € C5°(Q) IFH
1, zeK
flz) = {0, ¢ ¢ Ko,
TATIAERME BT R E: NT K CC Q, WK, ERFHERZ x(z), X e <eoBfil4

fE =J.*xx
EATARE f(z) € C(Q), FHsupp f C Ky, FTPASZE %L

¢ Thm
BATRT AR T e BAEA T, X TR o € N*, R C M

82 f()| < C el

PROOF:
HEWH

ogf(z) = 0y /Rnx(y)Ja(w—y)dy

TR, TATATARIE


af://h5-10

IA
(L)

|
il

10z ()]

= a|/|3a y)|dy = Ce™l°

TRA, XTHEbiEE f(z) € C°(R"), e

o=y Zga,

:,H\:EP Ql - Qg, #ﬂ dlSt (91,92) = d > 0, I)-lljﬁ
Vi) < o
Sk © SR A

1.2.3 BAIMR

¢ Lemma

i<n i<n
Ai<nAV; CU;.
PROOF:
REEn > 2. RNBAME V; .

AEX N JU cUL X EM, RV X (Jucvcvicu, mvulJui = X.
1>2 1>2 1>2

B1<k<n-—1HOBEEEIFEV, Ve il ViU | U= XIHEEXEA i <k AV, C U, 0

i<k i>k+1
P X (Uwu U Ui> C Up1 .

i<k i>k+2

H X IER, BUFE Vi 15 X (UVzU U Ui) C Vi QWHQUHM ]| U V;u U U,=X.

i<k 1>k+2 1<k+1 1>k+2

XREEIRRABE Vi, Va, -+, Ve, B8 | Vi= XIEEMEA i <n, HV, CU.

1<i<n
¢ Thm HAL ) fif

WK AR RS, U, -, Up A K W— D ES, WEEES ) € C°(U1),: -,y € C°(Un), #15
(1) 0<ni(z) <1, V2 eU;, i=1,---,N.

N
(2) Zm(m) =1,Vz € K.

PROOF:
P K C R YAIERL, hEIEL, RAVKHAREATFS Dy, -, Dy (3 D; C D; C Ui, 443 {Di}Y, B2
— AR

W Di CC U, AT D; IR RS G € C°(U3), 4% Gia) > 04E Uy Lpior, FRHAED; bk
N N

E, HFKC|JD;, FiIR) (i(z) >0, Vz € K, FRAIMUA
=1 =1


af://h5-11

/ Lem

WA, RS Hausdorff 2 FIF7E— AN 5538, EIFERE K, C K, 8 X = K.
i=1

PROOF:
A X A— AR ZE N, BT X —A Rl Hausdorff 2511, FrDAFAE—ANHURITEREE, F % ok
JRAEAF AT B TR TR EE, & {Ui 2 AR TR TR

%Kﬁdf,Tﬁﬁ%il,ﬁﬁKW“JQ%EUﬂﬂQﬂ#H&ACK%j:L“wkmﬁﬁm%ﬁi
Kk-i—l’ EE:J:Kk IEIL:I/I%E{I’ ﬁﬁuﬁﬁmk ﬁ'?% Kl C UUJ7 é'\Kk-‘rl = UE) #Hi%}]—il{kﬁ-l IEIE:LI‘%%, #H

Pt Pt
Ky, C K1 FRARNGE] — A5 5518,

O RPRIA

WQCRAFE, {Ulier A QHFES, K C° BB {eatact BAMNBET {Usticr BIBALLR, WHW
e

(1) 0<pa <1

(2) {supp ¥a}aer & {U;}icr WRHRA FRIMA.

(3) > palz) =1.

ael

PROOF:
BT Q40K R" 36 dt, HE Q ARR—AE R, R A Hausdorff 22, i AFEE—A R 5505

Q= U Ap, IH:BTJ‘ﬁ Aj - A;,l %L‘%%’ A;Jrl - Aj72 %ﬁ%) ﬁ
k=1
Aj— A CCAj,—Aj,

HHLEA {UiN (Ajpr — A ) |i € I} RSB B = A; — A5 WIFE%E, BibARATAT LA B; IJEFix A7
A ALAMR ®; = {p)).
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