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Chapter 1: #FHEHI1=

1.1  #hIpEE

PR AN R P A 2 [ VB R R B, BRI, DR AR Z A IRSERElE ¢
FEHE R AT W R BRL, A G e ob(€) AR =AF5:

m:GxG—G, i:G—>G, e Z—->G

\%ﬁmTﬁﬁ& Bos A s oe, - HERFAB (A, oo, Koo, AT P A #: &
R ZI| X L, g A1
GxGxG—"1 . ax@

G xG .G
JUIIWEE
(id,7) ¢ (4,id)
GxG A GxG
ZIWEE

IR
IR

7 x G id GxZ

mo(exid) % e)

G
AR A A [B] Y o AR 2 R B R S R], PR AN RS B T R Gonl 2 PTIE RN TR

ué WA S — MRS, A RSN, HFEHWARNREZHE m: G - G — G,(g,h) — gh
Hiitias i: G — G, g — g #EELSLN.
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EX 1.1.1: Fizs(E)
wAEE X, BEENY a,be X, BE o Aut(X), 47 o(a) =0, WA X ZFHZMH.
IR BRI V0], RN PR WL 2 R, 2558 X A A 7 2 E 5
G—-GxG—G, xw— (x,8)— T8
NBFGER SN, WITEELE, I H R A] WA s g LE 1y, R IR,

Rl 1.1.1: FEFREHEX

G 447, ABRTHE, WNE ARFE, AB 5 BA#HAFEY ¥ ARNE B AAR
%, W AB #= BA # R %; & A B # A% %, W AB RE£"

“TERE| AB = | Ab AIFERDIE.
beB

PHHREES Ax B REHE, i AB A A x B WBFRILESHZ, FTLE.

B IR RE R SRV, BT LM — A SR AR A IR 80 0] U L TSR EA5 5, ATl gk
IR Z % N TR 2 oAb A 4 P o] LAY B4R £ 75

Rl 1.1.2: SRS 4R

DR e G—ANFFAR Y, —RABE e 8B IN—ANFFAK U 1243

U? .= {wuy |u,up €U} CV

EAVLETAEK L@y “F 77 360, Bp U = UL TR AREE A 4EE n,
ARG AESTAREG e B9FFARIR U 45 U C V.

CX— R E THIREE (e,e) — e AHBES:E.
MnU?cV, MU, =UNnU" BT,

FRHE FE I e R BEAA A AT DAY, BAELS € —A> e MIRBIR U, FATREAREYL U W52 e —
B ? XA AT LA, SRR E P RATE A — R BIIAE RS I, BN IS5 @ e
B, JFHIEER =4, PrEl i R —AFERE, FrRL i EITERREITE, TREAIE

Ut =i(U)

H e SRS A et St B [RI IR 5T, FRAVENTEXS T e MIARIR U, B gUg " = Ry-10 Ly(U) & e [
W, B AIANEERRIR A — N, BT RS AR R AR A e ?

ENX 1.1.2: FFESHFE
FE—AFEHEH<GRIFFE, wR2 HEH GH—ANTERFE RNTFERER L
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NS, TSRO RER:

fER 1.1.3

PR T T 3RARA M T 2%, PR A RAGR] T AT T2, 58 L2 LHEET —ANARBRE T2 —
ERITH.

BIX H <G ARFTH, A HANYAETEZHH G\H A8, )& G H ks

G/H =|Jg:H

i€l

;E,\-‘EP gi 7%#/]\%%4&%705%, ‘)‘:F'_ELZ:%T‘;; ng = H, D]l]égp

G\H= | g¢H

ieli#1
W ARBRHIAZRIE, EFZRXNTEEY g, A gH ZFE, FIAG\H 2—%FE6HF, TRL
AFE, ¥ HANE, TAFTHRNLANTE. B @R ETIE, O

T —MM G TR, A—ERFREEE K, (ERITGwf, FRATER N LUK T 7 2 [ Hh .
G H < G, BATTUELRGES R G/H MTEHIN p: G — G/H, 'V c G/H 4 HMY
p 'V I, G/H HNHEXT H MARESEZE.

PR 1.1.4
H<G, MBS p: G— G/H ZFBAt, L HZFTHLARE G/H A Hixdedl.
FAEBAFT ST, LS & GWITE, &
p~'(p(S)) = SH

. O

MR E G I—ANEMTRE N, RATIT LB G/N BT 5 4k
EHE 1.1.1

G &7, NG, N G/N ZiBH#.

Rk 1.1.5: FATMERSEKREIER
01 Gi — Gy AIBIBOTFERLERS, W G/ Kerp = Imp A2 RAM.
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ko)
[

11.1.6
L<G, M (G/H)/(L/H)=G/L.

of%
=

<
— MBI ) E P
EIE 1.1.2: EWFHIE
G 22, H<G, % H5 G/H #AKM, I G %M.
HRTMA T BRI, P LLR 5 T e 52 1 A4
EIE 1.1.3: BEENZIE
G A3, H<G, N
(1) G B3HE — e AEEARH
(2) G &3%, HH = H ZRIEH.
(3) G B3E = G/H ZR3IEH.

(4) G/H 5 H # R A% 0 — G A%,
IAEFRATT T DL SR AR ROAR, X B R AR N Hh 4 S [a) AR

ik 1.1.7: $hiMEFRFRIE 2 FhiMEE

{Gi}ier A—233M2%, N G = HGZ- Pl

i€l
TR BATH AR AN R 245 21

EIE 1.1.4
(Gilicr A —mipdtzt, N

(1) HGi % = HANG; #E.

el
2) [[G: AHE < HA G #HAXE, HELRARANUIAE.
el

PRANEEI 2 B A AR o P
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EIE 1.1.5: FAINEERI D
WBAIBE T N Tss. % G OEELERERR G/H £ Ty N Ts.

Hausdorff J& fHE A 114 7.
EIE 1.1.6: FAFMEERY Hausdorff %l
G B4, 7 £ e WABAL, TFAE:
(1) G & Hausdorff = 1.
(2) 6: G— GxG x> (v,z) ZH RS
(3) {e} Z=W%.
(4) f+ H— G Z&EZR &, N Kerf £ H 891 %.

(5) (| U={e}.

UeF

(6) e BH—MFARBZL TR {e}.

L 1.1.8

G, {G,) #2412, H<G, N
(1) G A& Hausdorff = H & Hausdorff.
(2) G/H & Hausdorff «—> H & G #f|F#.
(3) H A= G/H # Haousdorff — G R Hausdorff.

(4) HGi Hausdorff <= #A~ G; # Hausdorff.

il
NHEBEAIVGEENE, BT TR O TR, A IRIEEH TR NI TR, TR

el 1.1.9

G BN BA BT T #H R A TRAG A ] T 7%,

PATE 1 M v it S R AR X i 1k



CHAPTER 1. ¥IE¥0F4hi5

ARR 1.1.10: E&E
G,G; # & EA2, H<G, N
(1) G #i8 = G/H %@
(2) H5 G/H #i8 — G #%i@.

(3) [[G: %8 < G; #&i@.

el

AT Z ] X fE o fUAEREE D SN Comp( ). ?ih’ﬁnx_l_ 7 SCNARE
SCRIRSE X IR 2R SRR AT — A s R piifi]

el 1.1.11: TN ER
G,G; # A, H<G, N
(1) G 24 R%E — G/H %A &l
(2) H5 G/H 24 K%l — G 2o Rk,
G;

(3) [[6: xerkil

el

AT AT

ol

TR S Y Y

T 1.1.7

G R 4412, G° = Comp(e), M

(1) G° <G RN &R ENT#

(2) G/G° 7 AT%EBE Hausdorff 46312
(3) GO Wy tRIE AR G BFTH & &

(4) G BIEFATTTEA Q5
B Ja B — MR AN TR F.

EX 1.1.3: $FPFHEZIE

Mg, JFHEME

GYHERAEBI=E M L, Z3EEN ce M, &£ G ZTWHHERE M, WA M His+F

G 89364 F M= .
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AR AR B 2 2]
G, ={s€G: sz =z}

N oz WHIREE T/E, oy =te, N
G, =tG,t™"

SXHRE — MR I E A
frEl 1.1.12

Hausdorff =8 M &4 G L&FHE0H, e M, W G/G, — M, ¢G, — gr ZELR
4.

R 1.1.13

G ARNEE, EHEGWFTHH &R G/HTH, HIG ER, N FHeymiEg
Hausdorff 218 M, & M 5§ G/G, B}z,

#it 1.1.1

G A RERFE, M AFMNEHIE Hausdorff =0, & G L EBEXF AR THEEH L, N
G/G, = M.

EX 1.1.4: STENEEE

BRHE T EREREINZER M £, X T PEBRBRALENRG T {v,), #HEFEEZL
v €M, {v.x} BRAEMRRE, MAT £ M LOERART A TRELEY.

ENX 1.1.5: EARXE
BBERBFETAERLEEIEN M £, T E M EHERAAARBAL M OTEF, HE

(1) T(F) = M.

(2)Vyel,y#e, yFNF =0.
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1.2 HaarlE58 5

1.3 EMEmS

1.4 FIBRESETE

1.5 BHMRSTEEW

1.6 FHIRRSTEN

1.7 RAVKER

1.8 REVERT

1.9 FHiE

RATHLE M ORAERIE RAE, U A = Endg(M)®, W M X FidIRiE AR
AT
(m,a) — a(m), meMae A
((m,a),b) = (a(m),b) = bla(m)) = (bo a)(m) = (m, ab)
M M FIERT (R, A)-BUf, [ A R-ABEFTEEELE S, AR, & TRl U, AR5 o i
JERI N e R-FA
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1.10 xR

EX 1.10.1: 7RIRE 7R
ST H—ARBLER, A+ RZTEH, 0 RLAL MRKBFE R LW RBERRE A oy
etk M =P M, MAEADKRE M,N @5, REREF ARG KLEM
iel
ijelitj=k
#oawe M —{0} A M FREH i 9FKT, LB deg(z) =i, 0 RELAK, KT
BB M iR

N = (N N M)
el
MFH KR R L RRBRABREEApMeY RRE A= DA, AREHL A -

i€l

Aj C Ay R 1€ Ay Bt Ay AFRE. BA p: A - B EZRAPARRKNRAS, §
ZHE o(A) C B AKREAR A FHL a = Pand) 92, TLE a# A,

el

Afa=EPAiJan A BARRSKRE. 5 (I,4) C (Z,+) BARZH R L.

By UL R T 5] 2

5138 1.10.1: RGBSR TTARE
TR ARE (B kAR ) 69 S0 F2 A8 (B F AR )R 0k 8, % HAR S & st Fok T A AR

1.11 k=L
R IACHIR, ANPIE © = g, &M M B n Bk

T"(M)=M®®---@M, n>1
N e’

(M) =R
HATHE T H HRFS

XA R
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EN 1.11.1: HERHK
ZX R# M ®kEREAN T(M) EBT" , AFREALAASAEE 1, 5 R =
T°(M) — T(M) %8, civh aRey R-?F%E?-Fﬂ?é M :Tl(M) — T(M). TR T(M) Ak
R
PIEAETCR = RIT T2
(1@ ®2p) (N O QUYn) =T1Q VT OY1 @+ ® Ynm

ik BRI L ZIG R, JF H S WA MIEMS T 5 T B9 1

EIE 1.11.1: SKERBRVZ RS HEE

KERMHAR T ZHM: HEE R-RH A L5 RERS f: M — A, BEE—E R-KHPF
e T(M)— AEFTHER

T2, fFEA XA
THU

HEd U MK R-RH#EF REWES LT,
HAF BT B AR, [E T AR 2 N I R

el 1.11.1: SKERBVESET R

MHIERE R— S, AEE—GHKR SRERH y: TM®S) > T(M)® S, %EFBR4AE
S P

R&F RN T(—®S) = T(-)® S.

Hi T RAHRE, TUESE W
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#it 1.11.1
B RARBA A AR im T(M;) = T (hg M) HAH, BROGBEAS M - M/N &
T(M) — T(M)/(N) = T(M/N)

HF (N) £ N AR FAREA

1.12 MM SIME

EX 1.12.1: MR BEIMLE
AFRR AL L T (M) 69303 5k 3248
Isym(M) == (z®y —y®z: z,y € M)

INM) =(z®z:z €M)
xR BB AREA B AR R M

Sym(M) = T(M)/Isym(n)

AL = T(M)/I5(M)
A M AR S SR

PATFNER
Isym(M) = @D I8, (M)
InN(M) = ED IR (M)
A EARI RGN, IR L AR SR UOT A K ;ﬁu EARE N M — T(M) %K RS
M < Sym(M), M < [\(M)
IHBAG W Sym 55 N\ REFER, SFRAE R SIS 15
(z,y) — zy
Mor,y e M A vy =yr, W0 Sym(M) /& T(M) Hsc#db. SMREeI% I 155 1E
(z,y) =z Ny
ERBINA 2,y e M, #HAH

TRYFyYRr=@+y)@@+y) —r@r—-yQy € Igym(M)

11
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T EART L
TANYy=—-yNzx

12

k
AT A\(M) & T(M) R, BT AT LRI S e T 2AE w = St Horbt deg(ts) =

i=1

1, deg(n;) € 27, A EMEEVFEA]

WAw = Zti/\ﬁi/\tj/\’l]j:Zti/\tj/\ni/\nj

i.j i.j
= > (GAL) AWM Am) + Dt At + 1t A A (i Any)
i i<j
= 04+0=0
Example 1.12.1
M AR HlE Re, WS VAEA Sym(M) = Rlz] 1fi /\(M) = R® Ra.

HHAr A 1.11.1 F-ATE SR AT LA 2 R i 2518

SIEE 1.12.1: MIRKESIMBIIDES BT

MHIERE R— S, A

Sym(— ® S) 2 Sym(—) ® S, /\ /\ -)®S

LIz Bl MR 2 R 454

—MMZICKER, M B n-UF R SR LRz FR %, 4 A NER R, & AN
f£& R-H, %

Sym(MXnaA) = {BEMUI(M, 7M7A)B( 7*1'73/7)23( 7y7x7"')}

Alt(M x n, A) :=={B € Mul(M, - ,M;A): B(-- ,z,2,---) =0}

NZELERBN T8, BHEN S, cBRMERAER BN

(O-B)(x17 T 7xn) = B<x0*1(1)7 T 7.1}071(”))

Xt B e Sym(M xn,A), AITH

o(B)=1B

MX; B € Alt(M x n, A), TATH

B n=0
I T ) i

o(B) =sgn(o)B

0
IR, € X Sym(M x 0,A) = Alt(M x 0,A) = A, F&E Sym’ = /\ = R, #A1=153

gl
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ER 1.12.1
st M Ao > 1 4wk, KAVE TR
Hompoa, (Sym”™(M), =) — Sym(M x n,—), ¢ (1, -+ ,2,) = (1 2,))

n

HOHlModR(/\(M),—) — A(M xn,—=), @ (21, ,25) = (T A~ Azy))

A 5K EAR A2 R BN 5 i g U SEAZZIMG 8, BIRE A n = 2 BITEO0 N A bl 2 A iX
UN=E

Foh i Skipid — %A, F BONARRBE
2 R — CAlg, Ronsi#t 2-53k R-RE K AERE, R — CAlg, Ron s, e & BT
RICERIITFIT AMRE XL TN 0, B Z-73 IR R-REI e, JATLZIS i H 45 R

EIE 1.12.1: MR ESIMCEE LM
BEE M — Sym(M) 5 M - \(M) #5585 F 6 F#
Hompg_cailg, (Sym(—), —) = Homg_moa(—, U(—))

Homp_garg: (/\(=): =) = Hompg_noa(—, U(-))
It A AT LU B IX PRy i SRS 22 PEBE, T CAERRERARPR. Rpl i, PREFRIEEHA.

1.13 175K, E5FHIK

R j"jyj:ﬁ%ﬂ:’ ZIK%EPE‘ ® = ®Ry )l/ﬁ E T\Elliﬁi n E/‘JE EE R‘*ﬁ; n c ZZO’ ?‘Z’ﬂj%ﬂﬁ

max n

etk 1 Bl R-BL, L BB RSO ETRE © - re KB A

Endg(\ (E)) = R
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UEI R IRATE 1 o € Endg(E), HAMNE R &P ZI115 3] —A

max max max

Ay AE) = A\(E)

SRR .
N (@ A Aay) = (@) A A ()
FATHE XL o BITTHIE N

det(p) = A\ (¢) € Endr(\(E)) = R
BEHGE B 21, w0 IR

TSR J 58 #1228 AR WS ) o T AL

(det ) (xy A+ Axy) = (Z sgn(o)ay() - - '%(n)n> TN AT,

O’GSn

T RS RIAEIXANE LT
det p = Z SgN(0)Ao(1)1 " * Qo(n)n

O'GSn

M5 SEFr L2 det((a;)), HIRATRREIFEREAT 5 AHE.

EIE 1.13.1: EBESEE

RE AW RAE E SR o, 2, RANTAK Endg(E) FHLEER T M,(R) 89 THk, *F
HAN A€ M,(R) = L EAFFE 4614

AY = (Ajigijen, Ay = (1) My
My 5 Ay Bt 2T XERBAT X, B&MA:
(1) ¢,v € Endg(M) BH det(py) = det(p) det(zp), FHE det(idg) = 1.
(2) JEESE A 'A R EATHIX.
(3) FEMAE % 2 AAV = det(A)L, = AV A.
(4) BRE ¢ € Endg(E) T# S HAY dety € R, WEAEAILELF A HL A =

(det A)~tAY.

E L2 EAREZEDR, MER. SHEER R M, %4 EY := Homg(E,R), WAHR

E N R BEFES
R « E'®E — Endg(E)

flz) <« fezx — [v— f(v)z]



CHAPTER 1. ¥J&8#4h1 15

W E N n HEE, TATEIE BV 2% n HE, JEHA
EY ® E = Endg(E)
SR a0 SIS et 2 (R H Rl
ol @B € My,
BANLEFIRBEEEF AT XL ¢ € Endp(E) & XATHIRN, REZRTCE U, [FKRATIE T LLE Tk,
tr(¢) € R

N @ FERR[RIES
Endg(E) » EY @ E — R

TR, mn T BAE SURHIE 2 T

char(yp, X) := det(X -id — ¢) € R[X]
XK o T Endpy(E @g RIX]) PHNMGER. EFRERHB E 83F R MHAH, RATHSE

detr(p|E), trr(p|E), charg(p|E)
WHERR ¢, € Endg(E), #FH

det(¢1p) = det(y) det(vp), det(idg) = 1,det(0) = 0
det(rg) = r"det(p), reR
tr(ro + s9) = rtr(p) +str(y), rseR
tr(id) = n
THEE R-ARE A I HRE A R AR E B R

ENX 1.13.1: ST 5k

the Eb§ A 5 ae A, BMNTUAEXLARS m, € Endr(A) AAEK v — ax, FEX a B&
tra/p(a) 5K Najpla) TH IS R X chary/pla, X) A

tra/r(a) == tr(mq), Na/r(a):= det(m,)

charA/R(a, X) = char(ma,X) = detR[X] (mX,a\A[X]) = NA[X]/R[X] (X — CL)

PAMRE 7% 2N 1 ) 51 2

S|3E 1.13.1: BREYFEIEM

AR R-RE, FAad AR, FRF AN Aad RA2, I EAAAE RAZLAER
My, FRE £ A LQK (e)ier &5 AL R ENE (a))jcr, M (e;a))icrjes WA E £ R E
B9, Bt

rankp(F) = rankg(A)rank 4 (E)
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H A T

EIR 1.13.2: TR SiEEpEE M

KA ARBE RREK, RAELZARKAN RAZE, B A—NARK AR, BLEd ¢ €
End,(FE) A# Endg(E) 89 T&, R

trr(p) = trasr(tra(p)), detr(p) = Na/r(deta(p))
char(p, X) = Napxj/rix](chara(p, X))
WEARARAT AR B CARGEIX AR, RAIZZ00] LAAS 2]
#IL 1.13.1: Se5iEp R
R A-RH B AELAFRKAE AR, WHEZG be BiHL
trp/r(b) = tra/r(trp/a(b)),  Np/r(b) = Na/r(Np/a(b))
charg/r(b, X) = Najxy/rx)(charg/a(b, X))

EX 1.13.2: IR

RAA RREK, A4 RBAE v, 1z, RXAEHHAFRXA
d(z1,- - ,2n) := detp(tra/p(ziz;)) € R

AR R REBEA (1,y) = trar(zy) A A GFR X, RRGE 2,y TARBEEEHBESE T
RE, By=T2, TR
d(yl; Tt 7yn) - det(T)Zd(xh e 7‘/1“71)

Rt dy = d(xy,-- ,7,) mod (R*)> # R/(R*)? 89T FMRERH A AKX, A A &H
FIX. HHH, dy £ R PARNILERR L, HRAPMNXZE

.14 &% Galois ¥R

ENX 1.14.1: Krull #HFP
5t F Galois 7% E/F, BT Gal(E/F) #64t4#), #FCEEELE o Aty —mARRA R

oGal(E/K), K/F AR Galois T¥ 5K

#Z A Gal(E/F) L& Krull 361},

16
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B, Krull $FSRRCERA S T A A E R D KEA R Galois T4 5k K/F 13 o|x =
Tk B, o B4R 7. BT Gal(E/K) 2 IETFR, & XA Gal(E/K)o Suh. HT-4RiEkE
AR E A, X — AT L

Gal(E/K) N Gal(E/K') = Gal(E/KK")

kARF|, FREE KK'/F VPARAR Galois ¥k, SMERERARFH 5K L/F, SATCIE L £ F
FIIERAE LD L, W L'/ F Uy ARy 5K, I HREIEMA 7209 5KED Galois 375K, #n] W

Gal(E/L') C Gal(E/L)

PR AR th T UIUAE o Gal(E /L), Frb L BUBFTA A BR7375K. AT WA ASHh 41N B me s
MSFTE B #R A IELERT, # Gal(E/F) WS 4haE.

S|3E 1.14.1

MEE Galois 773K E/F, 18312 Gal(E/F) REBHARE, Hnxkil, AL KRR
#

Gal(E/F) = lim Gal(K/F)
K/F: K% Galois T4 %k

BATHE XS, FIRASIEEZIE T Galois BRI FME R -
5|38 1.14.2
42 G = Gal(E/F) #A—TH/A:
(1) G & Hausdorff %=1, #H0% E/F A REiTIRSE K641
(2) SHEFERWRTY K L/F, T Gal(E/L) R 7T #.
(3) EFF8 H AR, LB |G/H| < co.
(4) SEZETI K L/F, T# Gal(E/L) AT #.

(5) ZRT E #H#kdedl, MWAERBS Gal(E/F) x E — E 244,

TR BATAT LIS 2UAT F2 5 B
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EIE 1.14.1: 3 Galois X
& EJF & Galois ¥ 3k, W &AVA B 69341

{1k K} «— {A1F% HC Gal(E/F)}
K/F +— Gal(E/K)
E¥/F «— H

Fim AT HR:
(1) 32 R R 5.

(2) BAF T Gal(E/F) ARAMEFRAAFT, FALLEENNTH HGal(E/F) A=
Galois TH K K/F 8§——3F .

(3) SHEE AR K %A S5
Gal(E/F)/Cal(E/K) — Homp (K, E), [o] — 0|k
% K/F & Galois ¥ 8, EX$hisil2a@AH
Gal(E/F)/Gal(E/K) = Gal(K|F)
Hob £ XK T B 464l
(4) FFF B3 2 B A FRT ¥ 3K,

WIS, 2 E/F ZARN, —PIEIHBAHEIR Galois X .

i 1.14.1: £
BREYHRQ/F, & L/F ZEFH Galois ki M/F RAEETH K, W LM/M £& Galois
¥R, AR EIFORM

Gal(LM/M) = Gal(L/L N M) C Gal(L/F), o~ ol

L/ML\\M
S
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HEi 1.14.2

£JE Q/F 89 Galois T¥ 3K E/F 5 E'/F. i EE'/F ®.& Galois 777k, HEBLAEIFHZ
1] & 5 B 25
Gal(EE'/F) — Gal(E/F) x Gal(E'/F), o (0|g,0|)

= ENE =F NARM.
EFE'

PN

E F'

NP2

F

EIE 1.14.2: EMY KA

it E/F hEAYT K, 0
(1) E/EAE) 2 Galois ¥ 7K.
(2) EArE) £ F F & B P R%TTH5H .
(3) E/EAYE) 85 Galois 2% F Autp(E).

D] WIESRY 5K E/F 4> NPIBL, §—BOR AT 395k pAY B/ p, 3 — B Galois 773K
E/EAE) T DISE E = B EF, Hh B BA A, EF R4 A

R 1.14.1
X E/F RR&EY %K, TENEFHSZAXN P FIX] £ E 2SR, W E 2KREAB.
AMARESYE BN F ORKAL T, 28, RESENN FIX] PHEMEEHS
MXAEF POSAB K Rt K C E, #¥#% L& T8, KA1sid
K=K K*
AR E BRI K/F T 5% 508K L:

(1) 58 K/F TR, ZRFBRITHT K, IAREY K, ¥ EE uve K F K = F(u),
BEKERDSAX P, £ E PHAR v, &HE o € Homp(K, F) %1% o(u) = v, EHAK
PRIET K =0(K)=0(F(u)) = F(o(u)) = F(v) C E.

(2) ¥ K/F #A7*T%, & p=char(F) >0, 4 re€ K, W NEAXN P, %FHE E THAAR,
MR HRBe P, &£ F v A—H#, frek.

B TR K # T 5 RT o AAE E ¥, FTAK & E ¥, {3iE. O
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XA YREATT Atiyah b2 St AP RAE AR PR RIE B R R BEREAT 5 — BRI AT

20



Chapter 2: [EEXBHERE

2.1 fN%SERES AbelSERE

EX 2.1.1: Pre-additive Category

A category € is called Pre-additive Category if it satisfies the following conditions:
(1) For any objects A, B € ob(¥), the morphisms Hom(A, B) is an abelian group.

(2) The composition of morphisms is bilinear, i.e.

folg+h)=fog+foh, (f+g)loh=foh+goh

EX 2.1.2: Additive Category

A category <f is called Additive Category, if it is a pre-additive category with zero objects
and finite biproducts.

Remember that a zero object is both a initial object and a terminal object. And a biproduct is

both a product and a coproduct, denoted by . In detail, we have the diagram:

[
N

in— A® B —————Bé————+ A

T T T

lagB

N o

ir—— AP B

A

satisfying

paoisa =1y, ppoip=1p, ta40Ps+ipopp=lagn

21
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In fact, every morphism from A @ B to A @ B can be expressed as

o (pAfiA pAﬁB)
pefia pBfiB

o)) =)

AR BERE TR T IR,

S0 tapa + tgpp = 1 is just

£~ 8h

Al 2.1.1: HI0PESEmERY M R

¢ AmHTEH, A, Be?, WNESH A—0— B & Homg(A, B) A Abel ##6RT. B
Aok ek 6 A PR AR £ R At £

EN 2.1.3: NMEERF

BA s of | B R T F ARAH LT, #3EE A, B,C e, FiEFEMHZ

R a9 2R A, BP F: Homy (A, B) — Homg(FA, FB) Z#R%.

L 2.1.2: IR FRIME B
F:of — B 2Aobk ki bt 55, 0

(1) F(0) =0, BPARMFERT %.
(2) F(0aB) = Opayr(p), PPARFFESAH.

(3) F HHH A An.

EX 2.1.4: %55%, B5%%
SEMEOESEC P, B [ Ao B Al THEE 5.

S AR (Ker f,i) B f: A— B 84, (Coker f,p) A f: A— B8&EHE. @ f 2 LA f
RO, FREXA [ OB RE, B

Im f = Ker(Coker f), Coim f = Coker(Ker f)

22
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EX 2.1.5: Abel SEHE

—A~ Abel F5% 2 45 X dm T AAS S AR 89 Ao S 0%
(1) FIB S HARG AR S R4
(2) A& monic # R BRIV, epi AR R

Example 2.1.1
AHRREIEE, /i R-SEREHARE Abel JEBE ) B 1.

Rl 2.1.3

Aotk T 8 IR TLE T A AP TEE,  Abel TEWF A AR TEF AR Abel TL.

S 2.1.1
FEAPETEE Y, TR AR monic, RHAA epi.

T mE
X

g‘/ i0g

Ker f : > A

Fiog=0, WEFERAR®ENY X — Kerf AEAE—, 28 04 g #HZ, Tl g=0, ¥
monic. &% R . 0

! s B

ENX 2.1.6

Let f: x — y be a morphism in an abelian category.
(1) We say [ is injective if Ker(f) = 0.
(2) We say f is surjective if Coker(f) = 0.

if x — y is injective, then we say x is a subobject of y and we use the notation x C y. If

x — y 1s surjective, the we sat that y is a quotient of x. If v C y, we denote

y/x = Coker(z — y)
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g3 2.1.2

Let f: x — y be a morphism in an abelian category <. Then
(1) f is injective if and only if f is a monomorphism.
(2) [ is surjective if and only if f is an epimorphism.

(8) [ is an isomorphism if and only if f is injective and surjective.

Believe it. O

Rl 2.1.4: RK&-1& R
Abel 5% BAEITAS f: A — B TAH REHH M

A—=Coimf—-Imf— B

AT A
Ker f > A ! —~ B L > Coker f
P
Coim f ---------- > Im f

W AR Z R Al k, A
tokop=tof=0

HAMA epi f0ill tok =0, BHEAZHMEF Coim f — Im f. O

Rl 2.1.5: REREIZMER
R fr A BRIBEEREAEE, WAL TLMR:

A ! B
DN f
Coim f
N T
Q

SRS T AT AR KB AP
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IR 2.1.1: EHSHRE D
Abel %P ES f: A — B HF0935euS Coim f — Im f REM, KdiEZE S H#RT A5
fEAHEH A—-Inf 5254 Im f — B.

st Coim f — B YR TE a5 %, 133]

A ! s B
dop /
Coim f"
r |
T: f//
dft
Coim f

BT #HA AL RHH, L A — Coim f” Z#4t, Kb &% z2E A2 Coim f” — Coim f,
M2 RE—HIFE tod=id, FEZ3 d Z#HH, ¥

dotod=doid=idod = dot=1d

M iF2 Coim f = Coim f/, B T@a93|32 kT f/ L4, Adm Coim f — Im f £ #4, BT
LA, KB, HES MR 5 E] O

g|IE 2.1.3

Abel ik % f: A— B i# & Coim f = A, X f AE4. FImf=B, LW [ &%
5.

FAER] coimgae I, BT

Kerf—i>A£>Coimf

o
i

g 7’7 ’ éi
poi =10

BT p ZEM, BTAi=0, BTk Ker f =0, % f ¥#. O

EIE 2.1.2: Abel SEBFFMNENX
A category o/ is called Abelian Category if it is an additive category with all kernels and

cokernels, and the natural map
Coim f — Im f

1s an isomorphism for all morphisms [ of <.
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S| 2.1.4

Let of be an abelian category. All finite limits and finite colimits exist in <7 .

Because finite products and equalizers exist. O]

EX 2.1.7: Complex and Exact

Let o/ be an additive category. Consider a sequence of morphisms
ST Y 2

i /. We say such a sequence is a complex if the composition of any two consecutive arrows

is zero. If o/ is abelian then we say the sequence is exact at y if

Im(z — y) = Ker(y — 2)

it 2.1.1: EERZIE
% /& Abel %P A4 A— B — C, TPAE:

(1) Ker(B — C) =Im(A — B).
(2) Coker(A — B) = Coim(B — C).

(3) A= B —C 5 Ker(B— C)=K —b— C = Coker(A — B) #t 2 KA.

el 2.1.6

% A—C+ Btyiseh P, 0
(1) 05K P —>BES, W0sK—AC EL. #5, P B3N ASC %
2)0—+A—=C—FE&, WM0—-P—-B—F E4&, HAHH A-C £ P B ¥,

REEZDAEH K =Ker(A—C) 5 P=Ker(B— F) Bp
X X
o\

| \\ \\\\
I \\ \\ \\\
< N \ N
. N o
0 > K > P 0 — > - > F
l \ l J
> K > A

~

Q+—
Ve
/g
Q+——Wm
I

0
R¥EER—1. O

~
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A — M Ja bR A FH 4518

ER 2.1.7: RIEISIES
252 Abel Febd 09 —ANE A (T — = )

P
gh
B

0—-P—>A®B—-C—0

<

|

;)A
— C

L AR R T —7 bt

PEBARKY (f9) 5 (r—s), WP > AGB > C AEMMEARSEAS, AL
ALHRY P REE, HEALSERY O RN, E4%HARSFANASE /S,

HEIP 2.1.2: HHHRORLE 25T
RELHA L@, HA->C—B®WiEEA P, A—-C #%NWA P—> B i#H.

FA-CiH, NRERIA
(r,—s)': Ae B —C

R HH, A
0>P—>A®B—C—0
EA, A C AHd, FRZZT AR Z M RH &0, -

oA Abel T BE R R 4S5

2.2 (AB5) %£H5 Grothendieck SEEE

EX 2.2.1: ASIREGHFHR

o & Abel %, 3t % P #44% Homy (P, —): o — Ab E4&, WA P RHEH%; % P&
# Homy (—, P) E4, WARAAGHE. —A Abel TCohAH R4 N AT 45 € 69 &3t A48
REEHTAN— AW AT R AR AT R 48 € A9 B3 T DA — AN AT A
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EN 2.2.2: £587T

ok € AR ARG T A DTEHN € B R {Cilier EFEEEIH 1 X oY
i%lgl#@é?ﬂ{1:¥rﬂ’ﬁ:/]\ 1€ i]— HOl’Il<g(GZ',X) — HOIIlcg(GZ,Y) FQEI‘;]#/EJ 'ﬁ”% {Gi}iGI “F'Ri]‘
—AMAE G, FARHERL. E% C H—DRERL(F)R CF —MERL(R).

A2 G E R ARG AR 15 Home (G, —), Homy (—, G) RNEBELRTHIX S G. 1IHERTERN
SRS AR TT ) BIFR B TN IR A RSB T IR R

EX 2.2.3: (AB5) 5 Grothendieck Sl
# Abel u% o #HA (AB5): AT EHIELAMRIES. FHAELEERT, WHAZH
Grothendieck 3.%.

Example 2.2.1
R WIS, 4R M yEiE A Grothendieck %, 7F Mody b R Bi/&Emlot.

EIE 2.2.1: Baer F3%

o o/ A Grothendieck 3e%, g AR AMRT, WRE [ cof HRAN g 9EETFTHE b, HF
o:h—1#ATUERLE g— I, LA 1 A4

i Baer J) 532 A] LLANIA «

EIE 2.2.2
Grothendieck %% H % 9% 69 M 4T3 %

#EiL 2.2.1
Grothendieck e H M4t & £ R T.

EIE 2.2.3: Freyd-Mitchell
o =~ Abel e, W AHER (B LIERLTH) RA—NESLEEERT 11 & — Modpg
£ 15

Hom,, (M, N) = Hompg(¢M, tN)

XA~ e BV BRATE B BB EEE h A e = RIB BT AZE Abel JEBE A XER T BIZ

K7

T (X

=
=
g
=
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2.3 EAERPFS
We first start in module category.

EX 2.3.1: Chain Complex

A chain complex C. of R-modules is a family {C, }nez of R-modules, together with R-module
maps d = d,: C, — C,_1 such that each composite do d: C,, — C,_5 is zero. The maps d,
are called the differentials of C.. The kernel of d, is the module of n-cycles of C., denoted
Zn = Zn(C.). The image of dpyq1: Cny1 — C,, is the module of n-boundaries of C., denoted
B, = B,(C.). Because dod =0, we have

0C€B,CZ,CC,

for alln. The n™ homology module of C. is the subquotient H,(C.) = Z, /B, of C,,. Because

the dot in C. is annoying, we will often write C' for C..

There is a category Ch(Modg) of chain complexes of (right) R-modules. The objects are, of
course, chain complexes. A complex morphism u: C. — D. is a chain complex map, that is, a family
of R-module homomorphisms u,,: C,, — D,, commuting with d in the sense that u,_1d,, = d,u,. That

is, such that the following diagram commutes:

d
CnJrl

u

l

DnJrl

~

O o g)
e

V
S
3
L

~

d n d

A morphism C. — D. of chain complexes is called a quasi-isomorphism (Bourbaki uses ho-
mologism) if the maps H,,(C.) — H,(D.) are all isomorphisms. Easy to show that H, is a functor
from Ch(Modg) — Modp.

The following variant notation is obtained by reindexing with superscripts; C" = C'_,,. A cochain
complex C" of R-modules is a family {C"} of R-modules, together with maps d": C™ — C™*! such
that dod = 0. Z"(C") = Ker(d") is the module of n-cocycles, B"(C") = im(d" ') C C" is the module
of n-coboundaries, and the subquotient H"(C") = Z"/B" of C" is the n'™ cohomology module of C".
Morphisms and quasi-isomorphisms of cochain complexes are defined exactly as for chain complexes.

A chain complex C' is called bounded if almost all the C,, are zero; if C;, = 0 unless a < n < b,
we say that the complex has amplitude in [a,b]. A complex C. is bounded above (resp. bounded
below) if there is a bound b (resp. a) such that C,, = 0 for alln > b (resp. n < a). The bounded (resp.
bounded above, resp. bounded below) chain complexes form full subcategories of Ch = Ch(R-mod)
that are denoted Ch,, Ch_, and Ch_, respectively.

Similarly, a cochain complex C" is called bounded above if the chain complex C, = C™" is
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bounded below, that is, if C" = 0 for all large n; C" is bounded below if C' is bounded above, and
bounded if C. is bounded. The categories of bounded (resp. bounded above, resp. bounded below,
resp. non-negative) cochain complexes are denoted Ch’, Ch™, Ch*, and Ch=’, respectively.

Now we put those things into abelian category.

The zero object in Ch is the complex ”0” of zero modules and maps. Given a family {A,} of
complexes of R-modules, the product H A, and coproduct (direct sum) GB A, exist in Ch and are

defined degreewise: the differentials are the maps

[Tdo:[[40n = [[Aan—1 and @da: D Aun — D Aain-s,

respectively. These suffice to make Ch into an additive category.

E X 2.3.2: subcomplex and quotient complex

A chain complex B is called a subcomplex of C if each B, is a submodule of C, and the
differential on B is the restriction of the differential on C, that is, when the inclusions 1, :
B, C C, constitute a chain map B — C. In this case we can assemble the quotient modules

Cy /By, into a chain complex
d d d
s o —> Cn+1/Bn+1 — Cn/Bn — Cnfl/anl —> o

denoted C/B and called the quotient complex. If f : B — C is a chain map, the kernels
{Ker(f,)} assemble to form a subcomplex of B denoted Ker(f), and the cokernels {coker(f,)}

assemble to form a quotient complex of C' denoted coker(f).

A subcategory B of A is called an abelian subcategory if it is abelian, and an exact sequence
in B is also exact in A.

If A is any abelian category, we can repeat the discussion to define chain complexes and chain
maps in A—just replace Modg by A! These form an additive category Ch(.A), and homology
becomes a functor from this category to .A. In the sequel we will merely write Ch for Ch(.A) when
A is understood.

Now, you can convince yourself with the following theroem.

EIE 2.3.1

The category Ch = Ch(A) of chain complexes is an abelian category.

A double complex (or bicomplex) in A is a family {C, ,} of objects of A, together with maps

d":Cpy—Cp1q and d":Cpy— Cpy
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such that d"od" = d" od’ = d" od" +d" od’ = 0. Tt is useful to picture the bicomplex C' as a lattice.

C PR NP Sy
p—1,q+1 p,q+1 p+1,q+1
dav dav dav
+ dh + ” 4
g —
Cp 1,9 Op,q Cp+1,q
dav dav dav
+ dh + ” 4
Cp—lvq—l < Op,q—l < Op+1,q—1

in which the maps d" go horizontally, the maps d* go vertically, and each square anticommutes. Each
row C,, and each column C,, is a chain complex.

We say that a double complex C' is bounded if C' has only finitely many nonzero terms along
each diagonal line p + ¢ = n, for example, if C' is concentrated in the first quadrant of the plane (a

first quadrant double complex).

Because of the anticommutativity, the maps d” are not maps in Ch, but chain maps f,, from

Cyq to O 4—1 can be defined by introducing + signs:
foa = (_1)pdz,q : Cpg = Cpg1-

Using this sign trick, we can identify the category of double complexes with the category Ch(Ch)

of chain complexes in the abelian category Ch.

To see why the anticommutative condition d'd" 4+ d"d" = 0 is useful, define the total complexes
Tot(C) = Tot"(C) and Tot®(C) by

Tot"(C),, = H C,, and Tot®(C), = EB Ch.q-

pt+q=n pt+gq=n

The formula d = d" + d° defines maps
d : Tot"(C),, = Tot™(C),—y and d: Tot®(C), — Tot®(C),_,

such that dod = 0, making Tot"(C) and Tot®(C') into chain complexes. Note that Tot®(C) = Tot"(C)
if C'is bounded, and especially if C' is a first quadrant double complex. The difference between TotH(C )

and Tot®(C') will become apparent when we discuss spectral sequences.

Tot'(C') and Tot®(C) do not exist in all abelian categories; they don’t exist when A is the
category of all finite abelian groups. We say that an abelian category is complete if all infinite
direct products exist (and so Tot™ exists) and that it is cocomplete if all infinite direct sums
exist (and so Tot? exists). Both these axioms hold in R-mod and in the category of chain

complexes of R-modules.
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FEHERA RBER Co 5 Dy, RATTLLE LHKBR (C © D)as FWUETH {C, @5 Doy
AP ERAMA IR do1 5 (-1 @ d

If C is a chain complex and n is an integer, we let 7>, C' denote the subcomplex of C' defined by

0 ifi<n
(72nC)i = Z, ifi=n
Clearly H;(1>,C) = 0 for ¢ < n and H;(7>,C) = H;(C) for i > n. The complex 7>,C is called

the canonical truncation of C below n, and the quotient complex 7.,C = C/(7>,C) is called the
(good) truncation of C' above n; H;(7-,C) is H;(C) for i <n and 0 for i > n.

s Ch s O s Oy ——————— -+

T>n T>n T>n
| l |
> Zn, 0

- Chq1

' > e e
7 7

Some less useful variants are the brutal truncations o_,C and 0>,C = C/(0,C). By definition,
(0cnC); is C; if i < n and 0 if i@ > n. These have the advantage of being easier to describe but the
disadvantage of introducing the homology group H,(0>,C) = C,,/B,,.

e Chp y C, y Oyl —————— -
O<n g<n O<n
e Cps y C, » 0

Shifting indices, or translation, is another useful operation we can perform on chain and

cochain complexes. If C' is a complex and p an integer, we form a new complex C/[p] as follows:

Clpln = Cpyp  (resp. Clp|" =C"P)

with differential (—1)’d. We call C[p] the p -th translate of C' . The way to remember the shift is that
the degree 0 part of C[p| is C,. The sign convention is designed to simplify notation later on. Note
that translation shifts homology:

H,(Clp]) = Hnyp(C)  (resp. H*(C[p]) = H"*(C)).

We make translation into a functor by shifting indices on chain maps. That is, if f : C — D is a

chain map, then f[p] is the chain map given by the formula

flpln = Jrip (resp. flp]" = f"7").
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2.4 KIEES

EIE 2.4.1: Long Exact Sequence

Let0 > A 5 B % C = 0 be a short evact sequence of chain complexes. Then there are

natural maps 0 : H,(C) — H,_1(A), called connecting homomorphisms, such that

S Ho(C) 2 Ho(A) L HA(B) S HU(C) S Hay(A) L

is an exact sequence.
Similarly, if 0 — A Iy B 5 ¢ = 0 is a short ezact sequence of cochain complexes, there are

natural maps 0 : H"(C) — H"™(A) and a long exact sequence

S Eve) S EMA) L EMB) S HN ) S HYA) L

Applying snake lemma to the following diagram

(E1) 0 —— Z,(A) —— Z,(B) —— Z,(C)
{ { {
0o— A, s B, s C, > 0
1d 1d Id
0O—— A, — B,y ———C,,.1 —— 0
Ai { {
n—1 Bn—l Cn—l
(E2) e S B > ac. > 0

we can get the row (E1) and (E2) are exace. Notice we can easily induce homomorphism

A
: o Zn 1A
d d/4n+1—> o

from differential d. Thus we can apply snake lemma again on the diagram

H,(A) — H,(B) —— H,(C)
| | |
An S Bn ) Co > 0
dA, B, ACpir
ld d ld
0 —— Z, 1A Ip1B — Z,_C

| | |

Hy 1 (A) —— Hy ((B) —— Hy1(C)

Thus we get the exact sequence

B H(0) 2 Ha(A) L Hy(B) S HA(C) S Hy (A L
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We shall now explain what we mean by the naturality of 0. There is a category S whose objects

are short exact sequences of chain complexes (say, in an abelian category C ). Commutative diagrams

0 s A s B s C s 0

I

A > B’ y O y 0

0

2\

give the morphisms in S (from the top row to the bottom row). Similarly, there is a category L of

long exact sequences in C.

RR 2.4.1: naturality of 0

The long exact sequence is a functor from S to L . That is, for every short exact sequence there

18 a long exact sequence, and for every map of short exact sequences there is a commutative
ladder diagram

. —2 5 H,(A) —— H,(B) —— H,(C) —%— H,_1(A) — -

| | | !

-2 H(A) —— H,(B) —— H,(C") —2= H, 1(A) — ---
Just embed into Modg and push elements to chase. O

The data of the long exact sequence is sometimes organized into the mnemonic shape

H.(A) . H.,(B)

o~

H,(C)

This is called an exact triangle for obvious reasons. This mnemonic shape is responsible for the

term ”triangulated category”.
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2.5 O-/F

ENX 2.5.1: 6-tRF

A (covariant) homological (resp. cohomological) §-functor between A and B is a collection of
additive functors T,,: A — B (resp. T": A — B) for n >0, together with morphisms

8t Tp(C) — Tp_1(A)

(resp. 6": T™(C) — T""'(A)) defined for each short exact sequence 0 — A — B — C — 0
in A. Here we make the convention that T" = T, = 0 for n < 0. These two conditions are

mposed:
1. For each short exact sequence as above, there is a long exact sequence
o = T 1(C) 2 To(A) = To(B) = Tu(C) 5 Ty (A) - -

(resp.
s TVHC) S T (A) = T™(B) — T7(C) = T™1(A) ).

In particular, Ty is right exact, and T° is left exzact.

2. For each morphism of short exact sequences from 0 — A" —- B' - C' - 0to0 — A —

B — C — 0, the s give a commutative diagram

T,o(C") —2— T,_1(A") T(C") —2— T (A
T,(C) —2— T,_,(A) ™(C) —— T"'(4)

RANFE LR 2% B € XOK B A IE A FIHHE Y IE A 1 A2 i L 2.

ENX 2.5.2: 6-BAF 2 [BHI7S 5T
st#AERA 5-HF (F™,0p), (G 0g): o — B, CMNEAMEHIE—%ARTH " F" -
G RN THEE o PHBELAI 0> A B—>C—0ARXRR

Fr(C) —22 5 FrH(4)

tn ktn-&-l

G"(C) —— G™(4)

RAF AT AR LR - T e &4F, ST RE.
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ENX 2.5.3: AE -RT5AHM

& 0-kT F = (F"op): o - B HRNERE -HT G = (G",0¢): & — B AmARTH
t: FY— G, #AEERE— 0-HTFTEH {t"}so £F " =t, WK F A—~AFH 5-HF. %
0-HF F HRFEANAn >0 FEE Acy, BEEH u=u(d,n): A~ B #4F F'u=0,
WA F 77T K& (effaceable). We call F coeffaceable if for every A there is a surjection

u: P — A such that F(u) = 0.

EIE 2.5.1: AR TR B
TR 6-HFTHRATAH 6-5F.

REA G t: FO = G, BAEAME ", St Ace, BRikANu: A— BEF F" My =0,

4 C = Cokeru, WAELI 00— A—B—-C—0. R HFHFIGKELDIFE
F'B — F"C — F"™A =0
B JE A7 5
F"1A = Coker(F"B — F"C)
LB ARE M T N EAF T B e E— 54

Coker(F"B — F"C)) ——— Coker(G"B — G"C)

Fn+1A y Gn—HA

n+1
tA

BP 7 = S ot o 05, T AR B M i R AT B

HE 2.5.1
B[] 18 by F Ae B LB IR L T AR T A8 KT
PREZRIETR S2ETAMH C., TXEF
Di = CZ(Z 7£ n —+ ].), Dn+1 = Cn-l—l D Kerdn
X d oy Dyt = Crpry (k) = dyya(0) + k, HACHTT QS d, = d;, WEANFE

d,,
+1 dn
Cn-l—l @ Ker dn > Cn > Cn—l

A Imd,,, =Imd,1 + Kerd, = Kerd,, # H,(D.)=0, ik H,(C. - D.)=0. T, #7H.

]
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2.6 $E[EE

ENX 2.6.1: oH

A complex C' is called splat if there are maps s, : C, — Cy,1 such that d = dosod. The maps
sp are called the splitting maps. If in addition C' is acyclic (exact as a sequence), we say that

C s split exact.

Iy ZASEBR FIRAE SRR T — AN, RATEE p=ds: C, — C,, &FEEEF| p® =dosodos =
dos=p, WpR—NEERET, HFRONERTEENFE, BEE TR T Do, HMER
flxeC,, H

x=p(z)+ (z — p(z))
Hr p(x) € Imp, z—p(x) € Kerp,
C,=Imp® Kerp

Horp
Imp=Imds =1Imd

EHET Imds C Imd, 1M ds 7€ Imd /RS, BTS2 BRI
Cp = Imd,y @ Ker(dyyq 0 5,,)
BATINRS ¢ = spady, WH ¢ = q REEHT, LA S EM G R
C, =Tmq & Kerg

AN, ds £ Imd EIESWAT LI s 46 d R ERRS, bl Img = Im s, _1d,, = Imd,, JFH
Kers, 1d, = Kerd, = Z,, IA1H 5

C,=Imd,® Z, =DB,-1® %,
HATHHEE r = dpiq 05, RIRZE—ANRERT, TR
Imr =Imd, s, =Imd,, =B, C Z,
TRIATAT LA » BREITE Z, FBRE r: Z, — Z,, TRRERSE, BT
Zn=Imr& (Z,NKerr) =B, ® (Z, N Kerr)

T
H,=27,/B,=B,® (Z,NKerr)/B, = Z, N Kerr

Eid
Z, =B, ® H,
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NI}

Ch
R R BATREM i, AR ESWN, Ee H, =0, H

Bn—l @ Hn @ Bn

Cn = anl s> Bn

XA VA 25 BN FRATEFN B 1R 51 vp ) 73 255 5 B 1R L.
Now suppose that we are given two chain complexes C' and D, together with randomly chosen

maps s,: C, — Dy.1. Let f,, be the map from C,, to D,, defined by the formula f,, = d, 115, + sp_1d,.
4 ” Cnfl

d>Cn
/lf/
d>Dn . D

Dropping the subscripts for clarity, we compute

CnJrl

Dn+1

n—1

df = d(ds + sd) = dsd = (ds + sd)d = fd.

Thus f = ds + sd is a chain map from C' to D.

EX 2.6.2: ER5W 4

We say that a chain map f: C — D is null homotopic if there are maps s,: C, — Dyiq
such that f = ds + sd. The maps {s,} are called a chain contraction of f.

The chain contraction construction gives us an easy way to proliferate chain maps: if g: C' — D
is any chain map, so is g + (sd + ds) for any choice of maps s,. However, g + (sd + ds) is not very

different from g, in a sense that we shall now explain.

EX 2.6.3: §&[E1E
We say that two chain maps f and g from C to D are chain homotopic if their difference
f — g is null homotopic, that is, if

f—g=sd+ ds.

The maps {s,} are called a chain homotopy from f to g. Finally, we say that f: C — D is a
chain homotopy equivalence (Bourbaki uses homotopyism) if there is a map g: D — C

such that gf and fg are chain homotopic to the respective identity maps of C and D.
7€ SCHE[RIAG ) — KA Ak 2 FAT Tv] LA 58 2 - B PR () 1R R

513 2.6.1: H#ERMRFSHEEIRYEHEFARS

If f: C — D is null homotopic, then every map f.: H,(C) — H,(D) is zero. If f and g are
chain homotopic, then they induce the same maps H,(C) — H, (D).
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It is enough to prove the first assertion, so suppose that f = ds+ sd. Every element of H,(C')
is represented by an n-cycle x. But then f(x) = d(sz). That is, f(z) is an n-boundary in D. As such,
f(z) represents 0 in H, (D). O

2.7 IRGHBAIRNGT IR

EX 2.7.1: HETHERE
Let M be an object of A. A left resolution of M is a compler P with P, = 0 for i < 0,
together with a map € : Py — M so that the augmented complex

S ph P L P S M0
1s exact. It is a projective resolution if each P; is projective.

5138 2.7.1: R-IRTFIEIGTHR

Every R-module M has a projective resolution. More generally, if an abelian category A has

enough projectives, then every object M in A has a projective resolution.

See the diagram.

0 0 0 0
N A N A
Ms M,
A

Ny sy Py —% P — % P M 0

N A N A

M, M
RN RN
0 0 0 0

EX 2.7.2: NETHAR
Let M be an object of A. A right resolution of M is a cochain complex I' with I' = 0 for
i <0 and a map M — I° such that the augmented complex

SV LN SN

1s exact. This is the same as a cochain map M — I, where M 1is considered as a complex

concentrated in degree 0. It is called an injective resolution if each I' is injective.
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[ BEA] DLAEIE A «

SI3 2.7.2: R-ASTEIERISHEMRE

If the abelian category A has enough injectives, then every object in A has an injective resolution.

TR 52 ST SRS B A0 SR 05 P . 6 0 3 ot AR 22 (IR IR AT T3 R — A — SR 0 ot S 5 2
TIPSR, —ANMFI Abel JEBER %2 X FE.

EE 2.7.1

H RS 28 Abel Towb It &3 LA LEBIH MR, HRS NHM L6 Abel kit

st % 2 A8 P 5K AR

T 2 B b A e

EIE 2.7.2: #{FHTHIComparison

Let P = M be a projective resolution of M and f' : M — N a map in A. Then for every
resolution Q -5 N of N there is a chain map f : P. — Q. lifting f' in the sense that no fo = f’oe.

The chain map f is unique up to chain homotopy equivalence.

EIE 2.7.3: AR Comparison

Let N — I be an injective resolution of N and f' : M — N a map in A. Then for every
resolution M — E there is a cochain map F : E — I' lifting f'. The map F is unique up to

cochain homotopy equivalence.

0 s M y (0 4 gt 4, g2 ..
% |EI R &
0 s N y O 4 1 _d .2

FAEWZR ARG, R, AEEA
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5|38 2.7.3: Horseshoe Lemma

Suppose given a diagram

0
!
> P, > P y Py ——— A > 0
iA
~N
A
TA
1!
> Py > P » P —— A" > 0

where the column is exact and the rows are projective resolutions. Set P, = P, & P,. Then the
P, assemble to form a projective resolution P of A, and the right-hand column lifts to an exact
sequence of complezres

0P 5PZ P -0,

where i, : P, — P,, m, : P, = P) are the natural inclusion and projection, respectively.

T A A RHH, Py RIEAE, ZEREMNEERI fr: Py = A, mBANH A — A
eH fi, BAVESL e, p") = L) + L"), RIRZEFTELHR

0 0 0
0 —— Ke;(e') > Pé <, y > 0
0 —— Ke\r’(g) ; ];0 c A > 0
0 — KGI:ESN) > 1\323’ S 1;1” > 0
0 0 0

The right two columns of (*) are short exact sequences. The Snake Lemma 1.3.2 shows that the left
column is exact and that coker(e) = 0, so that Py maps onto A. This finishes the initial step and

brings us to the situation
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42
0
y Pl — s Ker(e') —— 0
Ker(e)
y P!, Ker(e”) — 0
0
The filling in of the ”horseshoe” now proceeds by induction. O]

2.8 FLERT

EX 2.8.1: ERHEF

Let F : A — B be a right exact functor between two abelian categories. If A has enough
projectives, we can construct the left derived functors L;F(i > 0) of F' as follows. If A is

an object of A, choose (once and for all) a projective resolution P — A and define
LiF(A) = Hy(F(P)).

ENX 2.8.2: ASHETF

Let F: A — B be a left exact functor between two abelian categories. If A has enough injectives,

we can construct the right derived functors R'F(i > 0) of F as follows. If A is an object of
A, choose an injective resolution A — I and define

R'F(A) = H'(F(I)).
Note that since 0 — F(A) — F(I°) — F(I') is exact, we always have R°F(A) = F(A).

Note that since F'(P,) — F(Py)) — F(A) — 0 is exact, we always have LoF'(A) = F(A).
R BA T IRAZ, A LG bR T F BN SR, 7216 bR 1/ ZEAEO R, HBOE BN BE
I DR R TR AR 5 VR BATT T H bR A2 R SR, RIS AR A (1891 AR PO S 9.

#EiP 2.8.1

If A is projective, then L;F(A) =0 for i # 0.



CHAPTER 2. [AACE G E 43

Consider projective resolution

=5 0—=--->50->0—->A—->A4A-0

5|38 2.8.1: tRFM

If f: A" — A is any map in A, there is a natural map L;F(f) : L,F(A") — L;F(A) for each 1.
B FHARFNER.

Let P' — A" and P — A be the chosen projective resolutions. The comparison theorem yields
a lift of f to a chain map f from P’ to P, hence a map f, from H;F(P') to H;F(P). Any other lift
is chain homotopic to f, so the map f, is independent of the choice of f. The map L;F(f)is fo. O

I 2.8.1: SHETFEMERT
Fach L;F is an additive functor from A to B.

The identity map on P lifts the identity on A, so L;F'(idy) is the identity map. Given maps
AL A% A7 and chain maps f, § lifting f and g, the composite §f lifts gf. Therefore g, f. = (¢f)s,
proving that L;F is a functor. If f; : A’ — A are two maps with lifts fi, the sum fi + f> lifts fi + fo.
Therefore (fi + f2)« = fix + fox, proving that L;F' is additive. H

EHE 2.8.2: FHETEAER &-ET
F: o — B HRBHZS (resp. RAF)xd %, FHBHTF L F(resp. R°F) &2 A (resp. £)BA
d-5fF.
AEFHAB, BRIEALE -HT, BRESIN 0 A A A" 50, RA 5 A" #
FATHM P, 5 P!, B35S A BRIHEBE P, = P, @ P! 1£134h 473
0P —-P.oP'—-P'—=0
WF F RAEET, o RZEMAEKFELA, AdfRiyEE, AmBREAFE. L5 FHL

AFRANLTFH. FARRREELETR, ZTEMOCEIEHBNTE PHSFEITF LFP =
0(i > 0), MfiEZ AT AREI N F AT, A miFiL. O
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ARG FEA], WERT F,.G MSHERT R'F 5 R"G R HEAY ROF =2 R°G. X4
FEAEE BRI A ) 2 IR,

FIH 6-pR 1T LS 2
EIE 2.8.3: FHERFERMR
& o, B R Abel i%, o ARGNHN %, F:of - B ANWET AEELHT, N

(1) R"F Atk T, j+H RF=F.

(2) HENEELI 0 A—-B—-C—0FFKREST

.- — R"F(A) —» R"F(B) —» R"F(C) & R"™F(A) — - -
(3) %28 0+ A - B — C" —0 8954, WAZXHER

R'F(C) ——— R"'F(A)

! |

n / n+1 /
R'F(C') ———— R"'F(4)

#iL 2.8.2: SHE5FREMITHR
BT ST R A ST, AL A IR A e R Y.

EIE 2.8.4: BT

(1) 20— M—=P— A—0EL, HL LFP=0Vi>1), &M&KXHe P £ F-EH
8, W L FA=L,FM(Vi>1), L LiFA~Ker(FM — FP).

(2) %%#—%, FEL0->M P, Py 11— —>P—>A—0, £ P ¥ F-X
A, WA
Livm FAS LFM, Vi>1
HH
Lys1 FA2 Ker(FM — FPy)

(1) @ F R 6-&HF, Pk Sk Ee7)

AEARA 0, FTVARIA
(2) > HE e —HFEEST|RE R (1) 17 Z1F 3] O
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TEIE 2.8.5: FHHF Theorem

Suppose F: A — B is a covariant functor of abelian categories, and let X*® be a bounded-below

complex in A.
1. If F is right exact, describe a natural morphism F(H"(X®)) — H"(F(X?*)).
2. If F is left exact, describe a natural morphism H"(F(X*®)) — F(H"(X?*)).

3. If F is exact, show that the morphisms in (1) and (2) are isomorphisms.

0 1 2 n—1 m
X0 4 oxt 4 x2 &, 4y 47,

LR —MBE LT, BT E]

0 1 2 m—1 m
FXx0 _fd, pxl _Fd, py2 Fd° 0 FdU pxen FdT

R F RAEESN, W AFET @694

B" y Z" r (X)) ———— 0
T ]
F(B") ———— F(Z") ———— F(H"(X*)) ———— 0
BN £ KEME QR T, 2 E5) L@y E LT 4R AN
npyoyy o F(Z")
F(H"(X®)) = -0
LA
Xn_l qn—1 B" in y g J" . X" d" }Xn+1
2 G g Ly - ; U L LN o/ AL AN 1) ' — N 1) (s
BAVH Ker Fd
n oyy _ Mer Fd
H"(F(X®)) =
T

F(d") o F(j") = F(d" 0 j") = F(0) =0 = Im Fj" C Ker Fd"
Ik B ARG S5t
Fj": F(Z") — Ker Fd"
FEA
Fi"(Im Fi") =Im Fj" o Fi" = Im F(j" 01i")
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& k" =j"0i": B" — X", #&f4eil

gt xnt . pn s 0
Fzrl L pxnt PP oppe

B ESRFHA, A
dnfl — kn Opnfl — Fdnfl — F(k_n> o F<pn71)
® Fp" ! s, &A14eiE
Im Fd" ' = Im Fk" = Fj"(Im Fi")

BT VAR B SR8 Bt
/\'_7;. n o\\ ~v F(Zn) Ker F'd" _ n °
Fjm: F(H"(X®) = = = oy = H(F(X*)
A EASFUREIE. EAN AR M, HARIEHERT. O

S B VRERATIE A B 3 m] DARI R AC#e, I DASEZI45 3 1E & B8 34 7] ARG HH R 152 e
EIE 2.8.6: IEA T AILAFISH R F 32k
A B, C & Abel To%, & U: B — € AEAHT, N

U(L,F) & L,(UF), U(R'G)= R"(UG)

2.9 BRETEESBRETHE

EN 2.9.1: MR

Let f: B. — C. be a map of chain compleres. The mapping cone of f is the chain complex
cone(f) whose degree n part is B,_1 & C,, . In order to match other sign conventions, the

differential in cone(f) is given by the formula
d(b,c) = (=d(b),d(c) — f(b)), (b€ By_1,c€ ).
That is, the differential is given by the matrix

Bn—l ;) Bn—2

- O D

—dp 0
—f +dc

Co ——— Cey
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Any map f, : H.(B) — H,(C) can be fit into a long exact sequence of homology groups by use

of the following device. There is a short exact sequence
0 — C — cone(f) LN B[-1]—0

of chain complexes, where the left map sends ¢ to (0, ¢), and the right map sends (b, ¢) to —b. Recalling
that H,1(B[—1]) = H,(B), the homology long exact sequence (with connecting homomorphism 0 )

becomes
- — Hyi(cone(f)) 2 H,(B) % H,(C) — Hy(cone(f)) <> H, 1(B) % -
The following lemma shows that 0 = f,, fitting f, into a long exact sequence.

3|18 2.9.1

The map O in the above sequence is f,.

If b € B, is a cycle, the element (—b,0) in the cone complex lifts b via §. Applying the
differential we get (db, fb) = (0, fb). This shows that

o[b] = [f0] = f.[b].

I 2.9.1: UM SARETEHET

A map [ : B — C is a quasi-isomorphism if and only if the mapping cone complex cone(f) is

exact. This device reduces questions about quasi-isomorphisms to the study of split complexes.
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EN 2.9.2: BEHE

A related construction is that of the mapping cylinder cyl(f) of a chain complex map f :
B. — C. . The degree n part of cyl(f) is B, ® Bn,_1 ® C, , and the differential is

d(b,b',c) = (d(b) + ', —d(b),d(c) — f(V)).

That is, the differential is given by the matriz

B, —* B,
= P ®
dg idg 0
0 —dB 0 : Bn—l - ‘Bn_2
0 —f do
¥ o @
On % On—l

The cylinder is a chain complex because
dy dg—dp 0
=10 ds, 0|=0.
0 fdp—dcf dg

3|3 2.9.2

The subcomplex of elements (0,0, c) is isomorphic to C, and the corresponding inclusion « :

C — cyl(f) is a quasi-isomorphism.

The quotient cyl(f)/a(C) is the mapping cone of —idp, so it is null-homotopic. The lemma

now follows from the long exact homology sequence for

0 — C 3 cyl(f) — cone(—idg) — 0.

Here is how to use mapping cylinders to fit f, into a long exact sequence of homology groups.
The subcomplex of elements (b,0,0) in cyl(f) is isomorphic to B , and the quotient cyl(f)/B is the
mapping cone of f . The composite B — cyl(f) 5 ¢ is the map f , where (8 is the equivalence of
exercise 1.5.4, so on homology f, : H(B) — H(C) factors through H(B) — H(cyl(f)) . Therefore we
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may construct a commutative diagram of chain complexes with exact rows:

C
/ Tﬁ
0 > B > cyl(f) —— cone(f) ——— 0
0 s C > cone(f) —>— B[-1] — 0.

The homology long exact sequences fit into the following diagram:

~

. —% H(B) —— Hy,(cyl(f)) — Hy(cone(f)) =% H,_1(B) —> - --

- | H H
- — Hupi(B[-1]) == H,(C) — Hy(cone(f)) - Hy(B[-1]) —» -

3|IE 2.9.3

This diagram is commutative, with exact rows.

It suffices to show that the right square (with —0 and § ) commutes. Let (b, ¢) be an n -cycle
in cone(f) , so d(b) =0 and f(b) = d(c) . Lift it to (0,b,¢) in cyl(f) and apply the differential:

d(0,b,¢) = (0+ b, —db, dc — £b) = (b,0,0).

Therefore 0 maps the class of (b, ¢) to the class of b = —d(b,¢) in H,,_1(B). O

The cone and cylinder constructions provide a natural way to fit the homology of every chain
map f : B — C into some long exact sequence (see 1.5.2 and 1.5.7). To show that the long exact
sequence is well defined, we need to show that the usual long exact homology sequence attached to

any short exact sequence of complexes
o-BLcL Do

agrees both with the long exact sequence attached to f and with the long exact sequence attached
to g. We first consider the map f . There is a chain map ¢ : cone(f) — D defined by the formula

(b, c) = g(c) . Tt fits into a commutative diagram with exact rows:

0 > C > cone(f) —>— B[-1] — 0

o
Sy
@]
=
=
Q
S
=
2
=
o
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Since [ is a quasi-isomorphism, it follows from the 5-lemma and 1.3.4 that ¢ is a quasi-isomorphism
as well. The following exercise shows that ¢ need not be a chain homotopy equivalence.
To continue, the naturality of the connecting homomorphism 0 provides us with a natural iso-

morphism of long exact sequences:

- % H,(B) — H,(cyl(f)) — Hy(cone(f)) % H,_1(B) — ---

- % H,(B) % H,(C) —— Hy(D) —%= H,_1(B) — -+

= H% HN

2.10 Tor 1 Ext 5 &4

ENX 2.10.1: Ext 5§ Tor

st R-#: M, AE&&F G =Homg(—, M) 9% FHHTFieHh Exth(—, M) = R°G, HEL
HF F=—-@rM 9EFERHTIRA Tork(—, M) = L F. T"AFIAREF E% R

H2FERES Hom 5 @ AWNEA, REARSEH TIMRE, B Homg(—, N) S HEH
A M F%F Hompg(M, —) fiFHERA N 25?2 FEXN —@p N £AFHERAN M X Meg—
FFHERAN N B2E—F? AN EAIEE — R, KRR E M. HhseE M5
N SR P, - M 5 Q. — N, ZETHE:

M ® Q, Ph@Qy +—— PLR®Qy ¢4— ---
M ® O PPRQ «— P®Q +— PB®Q — -
M ® Qo PhRQy +—— PiR®Qy +—— PRy +— -+~

PPON ¢—P QN +—— P, QN +— --.

N T RGBSR, BABRATRA — TEFIIKE, AN P o Q; BAMH—RIRWE LA
PIAT7 I ETHE BT, ESRAE L T, T P R R, SFE, i BN T0R

0 < 0 < 0 <

PPN ¢— P, QN +— P,@N ¢—— --.



CHAPTER 2. [AACE G E 51

BHEH BRI )
VB2 g = Hy(Py ® N) = Tor,(M,N)

WAEAE « J7mits B - 543 3]

M ® Qs 0 0
M & @ 0 0
M @ Qo 0 0

[ B2
Egy = Hy(M©Q.)

B LATT LAFE2)
H,(Po® N) = E2, = H,(Tot(P. ® Q.)) =  Ef , = H,(M ® Q)

TRBATE H Tor BSLAKBN I N RS, RN Ext (P, X+ M N E,
WATHEIE M HHRANER Po — M 5 N FINSTEE N — I°, HE NIHAXEIL:

Hom(M, I?) Hom(Py, I?) — Hom(Py, [?) ——— ---
Hom(M, I") Hom(Py, I') —— Hom(Py, I') —— Hom(P, ') — ---
Hom (M, I%) Hom(Py, I’) —— Hom(P;, I°) —— Hom(P,, I°) —— ---

HOIIl(PQ,N) E— HOIH(Pl,N) —_— HOI’H(PQ,N) _— e
BT Hom(P;, —) 5 Hom(—, [;) #RZEGKT, JofE + 7 EiHE B-0i15 5]

0 > 0 > 0

Hom(Fy, N) —— Hom(P,,N) —— Hom(Py, N) —— ---

BT BLE th By Tilesk, 4
(3 = H"(Hom(P., N)
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FAE — TR B -3 3]

Hom(M, I?) 0 0
Hom(M, I') 0 0
Hom(M, I°) 0 0

[FIH Eo-sUisl, 735
LEY" = H"(Hom(M, I*))

it LA TT BAAS 3]
H"(Hom(P,, N)) = +E3° = H"(Tot(Hom(P,, I*))) = L, Ey" = H"(Hom(M, I*))

FTUMG R 7 Ext fPddE, TREATAT LA it Tor 5 Ext.

2.11 ASHEFRIMER, Tor, H5FIE
FATEE Y] — AR EE R 5 B, RIS 5] 2.
SIFE 2.11.1: FiF;EMRSIIE
W F:A— B R Abel % Loyt EAHT, A HRGOEHNTEL, o F
=2 Xo =2 Xi =2 XM =0
A=A AFEST, BHEA X, A& F-RA B LF(X,) =0 A k>0), N

XA G B3R T SR VFRRATE B 2 B IE ST AR T 55 pR 1
HFn=0 T FREESHT, FATESIERBRIFES:

FX) 29 poxg) 29 movy — 0

H Hy(F(X,)) = F(Xo)/imF(d)) & F(M) = LyF(M), %#mi=z. 3T n>1, & K, =ker(d,) =
im(d,, 1) &AT AR 2 T EA 7

An dn— d
0K, S Xy =5 Xy g—-—= X1 B X3 M—=0
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BT X, ¥ F-RANSE, BEANRNLE 284 TAESASE:

F(in)

LuF(M) = L1y F(M) = Ker(F(K,) 2% F(X,,)) (2.1)

BFRILEHRAE H,(F(X.)) = KerF(d,) /TmF(d, 1) % &R K ELFIE X, G895

Xpor I X, ™ K, 5 0

W F A EASE, BRABEILFIIRRAEREES:

F(mn)

) Lldnt), P, p(K,) = 0

F(Xni F(Xn)

XA F(m,) & Aik4, FH KerF(n,) = ImF(d,,). BN, T d, =i,om, ¥A F(d,) =
F(ip) o F(m,). M THE x e F(X,),

xr € KerF(d,) < F(m,)(x) € KerF (i)

PP KerF(d,) E£4F 2 KerF(i,) &84t F(m,) TR PToAh L3 H:

FxX, — ™ L pg, — " px
Ker Fd, — ™ 4 Ker Fi,

W B 2 € 22T AT E]
KerF(d,)  KerF(d,)
ImF(d,1) KerF(m,)

ZoenX (2.1), &AFE Vi > 1:

I

H,(F(X,)) = F(m,)(KerF(d,)) = KerF'(i,)

L, F(M) = KerF(in) = H,(F(X.))

o
.
Ul

1E B %

5|38 2.11.2: FRTEEE
F # A, WS ZGETIAMIEE F-RIF6.

HAVE AN O

EHE 2.11.1: ZFH5IEIRNRIZHE
R o5 B RFHR (AB5) 89 Abel %, o ARBHBFN R, F: of - B RAEMKKE, N LF
B3 AMR, BptELBE I, A

L, F(colim A;) = colim(L, F(4;))

el el
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MT FRAAEKE, FIABESRMRRTHE, @ (ABS) FRIETEIRMRAZELSE, AEH
A BIRATHMR Do — A, PTARATHE E6H R
colim P; , — colim A;
il il
8T CQliIIn P, A& F-Kif#y, PreAffilsaid
1€
L,F(colimA4;) = Hn(F(CQIiIm Ai))
1€

iel
>~ H,(colim F(4;))

el

= colim H,(F(4;))
S

>~ colim LF,(4;)
iel

#Eig 2.11.1
B T tensor & hom 89 E4FKE, FATVA Tor HRIFEIRAMIR, HLEESKREMAMT IR, &

Tor, (A, colim B;) = colim Tor, (A, B;), Tor,(colim A;, B) = colim Tor,(A;, B)
filtered filtered filtered filtered

Rl 2.11.1

AT R AE & B (35 B AT R
EHE P Y AR S EEHS A — B #A Hom(P, A) — Hom(P, B) # 4, &%

Hom(EP Pi, A) = [ [ Hom(P;, A) — | [ Hom(P;, B) = Hom(E P, B)

RHAY, PR ARAEA A 5 O

frEn 2.11.2
BERZEW Abel a% of ®, EHRGHER L, IEEFHAAETREALT, £ F 2—A

LAFRE, NA
L.F (P A) =P LF(A)

B 5 2 Va s AR R B IR A Y.
AT T 5] 2
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5|3E 2.11.3
PID L 6T i4 A w, Am PID LH 452 H.

ArEl 2.11.3: Abel 2 _EFBY Torsion

A, B & Abel #, Bp Z-#£, N
(1) 3t n>2, A Tor’(A,B) = 0.

B/mB, n=>0
mB={beB:mb=0}, n=1

(2) Tor%(Z/mZ, B) = { . ®F B & B & m-IE3H5

HT Z & PID, At Ladhaey T4 ad, rAEE A QS HE
0— Kere - Pp > A—0

HEP Kere B4 Py 69-F4, THH Z-HEAad, P Kere Z A HEGTE, FTAASH, A
mAZAT, Tl A RRERKENMB, HTUAERSE n>2 HFHAL 0, REAREFEZTHE n=0,1
GELRTT, &

Tor3(Z/mZ, B) = 7./mZ @z B = B/mB

Tor?(Z/mZ, B) = Ker (mZB — ZB) = ,,B

BAFIE. O

R BFRATHIRAUEXS T PID #2551
A RATR T EREBCBRBOE CF e, MR — AN, A1H
Q/Z = colimZ/nZ
FTbL Q/Z & — AR RARR, T2
Tor¥(Q/Z, B) = colim Tor¥(Z/nZ, B) = colim , B = Tor(B)

B8 Tor(B) Rl B HIHEHEr. IXWHM#RE T Torsion bR HI4 F.
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I 2.11.2: FIBZIE

THXT RAE M 6954 FME:

(1) M F32.

(2) SiEZE n >0, R4 N, #4 Tor,(M,N) =0.

(3) sH4E &4 RH N, Tor(M,N) = 0.

(4) * R 69T A3 I, #A Tor,(M,R/I) = 0.

(5) 3 R 69T AR AL [, #A Tory(M,R/I) = 0.

(1) 4 (2) 48 (3) 4 (4) # (5) REARG, AAHFERGKRIRZESEHT, PIAELRIKT

BAGR 0, AR (5) # (4), AEBESIEFLARIARARLANETAMR, @KERE
K AR A R MR M, FTVA B RAFIE. (4) 4 (3) ANTTT 003 2 B 34 A7 PR A R BE R E B89,

T R/I R —ANAFEERGE, PTAE=14FE, TERAIMEEL <k Bz, MBRN Z2—EALT
FAEMRNEE, R/I AH kK ANERTERGIERTHE, W

0—+K—-N-—=R/[—0
RESF], E¥ K R k—1AMLEERNE, @
I = Ker(R — Coker(K — N))
T HAE B K EA T E]
Tor; (M, K) — Tory (M, N) — Tor (M, R/I)

® )2 ARIX Tor (M, K) = 0, wm&MHEIF& Tory (M, R/I) = 0, T2 il A R A RAZAR A X
&, REHA RETRMRFEESBARZTE. NAER (3) 4 (1), IAFTEEZITEZTHHRE
&7

0N —-N-=>N"—=0

FELKESLT
0=Tory(M,N") > M@N - M&N—>MaN"—0

BT A3 O

#it 2.11.2
HMZ2EED, BEEEFR R L, FIEHTAEE LE.
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e 2.11.4: PID FIBENTF L%

R & PID, W
(1) A LB R4, N Tor,(A, B) =0 3E& n >0, R B #RZ.
(2) A RABE RAY HALY Tor (A4, B) =0 & R4 B s .
(3) A-F32% HALY LEE,
WTARBRARERARTRAEC S XA TOERERMIR, AR E RIA LRI

RNEJE, W PID LA MRAERAZG N T ZEFAMNARERLZEALA B EIE, £ PID 893535 T
B WA fe R HAR ZA X A, PTAL AL 2 BGAL 6 JE LRMIR, 3

Tor,, (A, B) = colim Tor(P;, B) =0

FR& (1) fiE, @ (2)(3) AR—A&HGTRRAE, LEAMNCZIER Tor (A, B) = 0 & B
ML, X FHTRE, TALETAEFE, TakMNRA-FEELE, FEre R, WA

+A=Tor (A, R/(r))

m-FEEFREHEAN 0, TRALE. O
At BFPHEAER @ RFIIERNS, BTV IR 1E0IE Tor &1 A] PAEH
~FIHVH A5 2.

I 2.11.3: FIEEEITE Tor
A B & R#, & A G AT BE

= My > My - My—A—0

| A
Tor, (A, B) = H,(M. ® B)

# fR— T RFEL, HHWEEXNRST T 2 FHE R, MK f 2FBFRELS. RE
RAT f: R — T ZVFHIRES, N —@p T RIESKT. L6152 B i & T HIRE S
R — S7'R.

S|3E 2.11.4
R—T RFEFREL, F P REH RAE, W PrT %4 T-#.

PoQ=PR



CHAPTER 2. [AACE G E 58

BIT VA
PorTe®QerT= (@R @rT=@RerT)=PHT
FTA PRrT V3R B W T-10) A AR, P AR L

fPER 2.11.5: FIHE T

X R—->T RAFEIRRELE, Wi RAE M fTH N H
Tor® (M, N) = Tor’ (M ®g T, N)
YA, BF R-T AFREFRE, N —@rT £4, Nxt—in R4 M, N #H

T ®g Tor(M,N) = Tor) (M @z T, N @r T)

BULHEM Py > M, WARRE P,oN REHE, §F T 2FE RE, F2PeyT —
M@pT RESFHM, HALR (PogT)or NP, oy N FA2, BiE. 6 @HitL s hd
FHELNT R AR, O

HEiS 2.11.3
BF R SR AFEIERAL, Fuh

S~ Tor (M, N) = TorS 'R(S~'M, S~'N)

2.12 ASHERTFHIMR, Ext 535Kk

FIEEEA A XA T R AR S 3, RIa] U 2 R T A S i, AR
X BB DL AE, FATH

fhEn 2.12.1
PSR S 094E & AL ARE R AR £

B R B M TREETEEEET r ¢ R\ Am(M), B4 rM = M. 7 FtRe
ATBLME n A, BB AT,

5|38 2.12.1
M AR E 2 TR 8
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M ZAHFAE, Nt rd Ann(M), xr: M — M Z%4, Prld H4seid
Hompg(M, M) — Hompg(M, M)

R4, &3 Homp(M, M) = M, FrASHT xr: M — M TAHS, i T 0

EIE 2.12.1: ASHERENAZE

THXT R N 6§ 5HAFMNE:
(1) N &R
(2) SAPTAE n >0 ABRAEEN R M, Ext"(M,N)=0.
(3) HHE&FL RAE M, Ext'(M,N) = 0.

(4) *AE&4 R 693248 I, Ext'(R/I,N)=0.

(1) —9%3E 5] (4) ARG, (4) 3 (1) BP Baer Q. O

TEIE 2.12.2: Dedekind EIf _FAEHRAVZIIE
Dedekind 3 E RN S50 T Tk .

ARE Baer BN, AHiE M RAAE, REEAS R WEEFFEREZE | AEE RERS
f:I— M, HTEEAN R - MRS WELE M FRE me M, £33 A ze 1, HA
f(z) =xm. BH R & Dedekind #3f, 4oy REMA [, AEHF—ANEREH JKEFCMNE
Z(BF I+ J=R), BERRIJ = (c) HIERZEA FEHK fBRHALE () £ & flc)=mo. BA
M AR, B m.e M EF cm.=mg. ¥THEEye(c), Ry=rc(reRr), NA:

fy) = fre) = rf(c) = rmo = reme = ym,

MI+J=R, BHacl HbeJEFat+tb=1 & M FHELE m= f(a)+bm. FTHEEL
ety xel, WH am:

xm = z(f(a) +bm.) = f(za) + (zb)m,
WToel BbeJ, CMNURBELERIET, Bpabe ] = (c). BATAIMEE (c) MR Th, 3T
F (c) #89TF xb, H (xb)m. = f(xb). FHERNEXTF:

v = f(za) + f(2b) = f(za+2b) = f(x(a+b)) = f(x-1) = f(a)

LR, RMERBT me M #BE f(o)=amn XA vl Rz, RS f mAHLEEEEAN R
B Baer BEMN 42, M £ R4, O
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#it 2.12.1: PID LHEMZIE
2% 3| PID & Dedekind %3¢, Fivk PID ERHFHT Tk, TRAEMBES £ T PID L&

N, B A-FIEAE. Bp e PID EASENTTiR, FESHTALE, BAFHTAH.
EHE 2.12.3: I HEEHEZ]E
TaXT RAE M &G54 FME:
(1) M RAZHAL.
(2) ST A G n >0 UEAEEZN RAE N, #H Ext"(M,N) = 0.
(3) 3H4E&E# R N, Ext'(M,N)=0.
B EARR:
fpRR 2.12.2: Ext BIMER
A B & Z-#, Bf Abel #, N
(1) Ext}(A,B) =0, VYn > 2.
(2) 4% Abel # B, Exty(Z/mZ,B) = B, ExtL(Z/mZ,B) = B/mB.
(3) 3HHE%&E Abel # B, Ext)(Z,B) = B, Exty(Z,B) = 0.

(1) A% RAE (M), #A

Ext’ (@ My, N) = [ Ext(M;, N)

i€l i€l

Exty (N, 11 M1> = [ [ Bxti(N, M;)

i€l i€l

(5) 3STTFAHMEAR Abel B A, EZT At H Extl(A, B).
PTATFE—A R4 A RBRBRE, WMRAAEARKE B R™ 5 R 3£ ESS
R"— R'"—-A—0

I A RARAERN BA R K RA R
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foRl 2.12.3
EAR—ANARETE, WT ROGESEETE, ARMH
S~ Hompg(A, B) = Homg-15(S7 4,57 'B)

REARE A=RWIHELRME, FHHT Hom £mEHF, PFrkE A=R" iz d
ARAMEy, EETH:

R™ > R" > A > 0
0 —— Hompg(A, B) ———  Homg(R", B) —— Homg(R™, B)
0 —— S_lHOI;R(A, B) — S Hom;(R”,B) — 5! Hom;(Rm,B)
0 — HoquR(bj(_lA, S™'B) — HomsflR(StTR”,S_lB) — Hom571R(Sj1:Rm,S_lB)
5-5| & F A A £ AR . O

EHE 2.12.4: Ext 553

R & —/~ Noether 3¢, A R—/NFHMAR R, MNIEEWRMETFTE S, H£&6 R B,
H A
ST Ext}(A, B) = Ext?_15(S7'A,S7'B)

BAG—ANaRERF, - A, P FARARERG S RAE, M ST'F, - S7'A &
RAMRAER A G S RARGH M (E & RIAEELT). AT

ST Exth(A,B) = ST (H"(Homg(F,, B))) = H"(S™!Homg(F,, B))
>~ H"(Homg-1(S™'F,S™'B)) = Exte_1z(S™*A4,S7'B)
HAFIE. O

THEATE Ext 58 KK R,

ENX 2.12.1: Abel JoB5HAIY 3K

Abel 6% of PHEINEZ v,y T KBEBELSIN 0>y =222 08— ANENK, FaTH 5
0—y—2—ao—0FNLERXYETEMSE

0 > Y > 2 > T > 0
0 >y > 2 > T > 0

R bwd 5-3| 2kl 2 — 2 AR,
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EIE 2.12.5: Baer #

62

Bw Abel 8% o PRI vy, v iy MOGPTH I RM R —A Abel #, L ¥ E{ET
AO0—=y—>ydr —x— 0 WFANREGY K 2,2/, BIERMNGF=T: FEp A

2 — x4 2 dgFzE, B
p={(c,d)ezdz:c=}

Fp B {(b,-b):bey} RXA " BWT. #L 2o A —(2 o) 2> 2.

W S EB I UE ] DS R B, XA E B e VAR o iy BPRAITIRE o A

Abel B, TR PSR 7 AT Ext SZHIR AR,

EIE 2.12.6: =L HKAY Ext ZIE

A RAE M, N, M i$ N 634 5K4E Baer fo & LT # 9 Abel R M T Extp(M, N).

0O->N—->X—->M-—=0
# 2| LiEF e K ES T
Hompg(N, N) — Exty(M, N)
Bk 89 idy 891%. BT R o € Extp(M,N), 5454 P 1247
0O—-K—P—-M-—0
EE, HFKREST
Hom (K, N) — Exty(M, N) — 0ExtR(P, N) =0

M T MER ¢ 89R1% B: K - N, £J& P+ K — N #igdh X, & XiEFT

O—-N—-X—>M-=0

EMIIK A, EHEEYE Ext'(M,N) =0, MIXRKY 7K Abel B G LT, B

&S, FRBAS RN EFHEL:

HiL 2.12.2: #%85f, RNFETH
# AL 6948 E A7)

O—1—M-—P—=0
& P RBEHBERE [ RSB, MR ELSTHE.

* & Ext'(P,I) =0 %% 2.

HA %
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2.13 FERHEE

EIE 2.13.1: AR BRBEE(UCT)

& P, R RAMRGELT, #H2 d(P,) C Py AR RAE, M RAE M @de
T 8943 57

0— H,(P,) @ M — H,(P, ®g M) — TorF(H,_1(P,), M) — 0

0—K,—PF,—dP,)—0
SHAE AL M & Tor +HKEST|A

Tory(d(Fy,), M) — Tory (K,,, M) — Tory(P,, M)

T AT EA SR, DA AR 0, FIOL Ton (K, M) = 0 #AEE M A%, #iX
K, R&-F2AE. ZIHEEMNEFERIEST|H 5 5E—3 5

0= Tory(d(P,),M) 5> K, M — P,@M — d(P,) @ M — 0

3 2d
0K, M —P,M —d(P,)®M — 0

EL, B4 K, 5 d(R,) 898 A 0 Beat, N RA L2 55— AN EHAEIEST
0> K@M —>Po,@M —dP,)®@M —0
B AR AKEAST T E

Hy1(d(P) @r M) & H, (Ko ®r M) » Hy(Pe®@g M) » Hy(d(P.) ®r M) % H, (K, @r M)

g ! ! !

d(Poi1) ®@r M K, ®r M d(P,) ®r M K1 ®@r M
AR H T ARIAPTIRS 0 FR LA i@idy, HF i A
0= d(Ppi) = K, — H,(P.) = 0
8T k, Ao d(P,) #AFEE, FTAKAE H,(P) #-FER, Bt

Torf(H,,(P,), M) = Ker (d(P,11 ®r M) — K, ® M) = Ker 0,

H,1(P) ®r M = Torl(H,1(P,), M) = Coker (d(P,4; @ M) = K, @ M) = Coker 0,1
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#
Coker 0y41 = Im (H,(Ke ®g M) — H,(Ps @ M)) = Ker (H,(Ps @ M) — H,(d(P,) ®r M))
TRIFEESLT]
0—Kerf— H,(Ph®r M) —=Imf—0
HF f: Hy(Py®@r M) — H,(d(P,) @ M), #4FE2]
0— H,1(P) ®r M — H, 1 (P, @ M) — Torf(H,(P,), M) — 0
FA—T TARHAT R A B ZIE4Y. O

HEi 2.13.1
e P, b5 d(P,) #AAEE, WG EST (AERE)HE, BT

H,(P.®p M) = (H,(P,) @z M) & Tory'(H,_1(P.), M)
MT AW Abel T#H AW, A Z-82 69 B G M2 54

W 3% 4, 4niddEiE A7)
0— K, — P, —dF,) =0
SH, &K
P, = K, ®d(P,)

R —@rM 328 K,9p M & P,op M 895452, miEk2A Ker (P, ®r M — P, @r M) &
e K, g M 89F=208, Kihm K, 9 M R ELABGAAs 2, &

Ker(Pn®RM_>Pn—1®RM) Ker(Pn—>Pn_1)®RM

Im (P41 ®r M — P, ®r M) Im (P11 ®r M — P, ®r M)
Bitsail H,(P,) ©r M & H,(P.@p M) §9 A%, #H @6 LA 27292, 0

= H, (P, ®r M),

= H,(P,) g M

ZHTUMRZ N A RBOEH, ROV ERBIn IR 2 RR2 Z- 2800, w1 2o B e vr
AT Z RBUNEA N H AN Abel B 240 FIFLERATAT LIS 2] R TH R0 2.

I 2.13.2: FEVAABERHEE

)& R M, dM—akm &ML P, AR EH P, BLiHE d(P,) LABHFN, MNIEE
R-# M #R7 4o F £ 453

0 — Extp(H,_1(P.), M) — H"(Homg(P,, M)) — Homg(H,(P,), M) — 0
W T ARG A A FA, BT AT SR (EAFRTE)

H"(Homp(P,, M)) = ExtL(H,_,(P.), M) & Homp(H,(P.), M)
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2.14 Kiinneth 203\

EIE 2.14.1: EFH Kiinneth 23\
P.,Q, 1 RAEEHK, P, 5 d(P,) ¥, WA ELT

0= P Hy(P.) @ Hy(Qu) = Hy (Tot? (P ® Qa)) = @D Torf (H,(P.), Hy(Qs)) — 0

ptg=n p+g=n—1

& P, 5 d(P,) #4t, W E& ELF|ER#TE) .

EIE 2.14.2: FEFH Kiinneth A

P.,Q* h RAZZFEH R LI,

0= [ Extih(H,(P),H(Q") — H"

p+g=n—1

2.15 i&F% 1: Ed
2.16 i&FY 2: WNEF
2.17 &5 3: EEA
2.18 [ElA4EH

1
(Tot (P, ® Q°)> -
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2.19 EREIESELEHA
BER T ELE BT A Mody) BIEH SBAERT € 5 —.
EX 2.19.1: B [EAFEE LEDA
st F—A Z[G)-# M, &A1= X
M® ={zr € M: gr =z Vg € G} = Homgyg(Z, M)

Mg = M/ Spangg{gzr —v:x € M,g € G} = Z ®zq) M

£ ZARNFZG)HE. TR MC A MR KFLTHE, Mg h M R KFLTE. 5
RXAANHTFAHMXE, BAY

Homgq(Ag, B) = Homgzg (A ®z6) Z, B) = Homy g (A, Homze(Z, B)) = Homgg (A, BY)

Bt —¢ RAFHEEAEES, —C REFMBAEES, FFHBEHA RO IR L Ao A 55T
%, BAVTAZAFH BT A

H"(G; A) = R*(=)(4), Ha(G;A) = Lu(—c)(4)
oA AR 2 LR AT AR R Rk T
B AT AT LASLZI 13 3]

H,(G; A) = Tor9N(Z, A), H™(G; A) = Ext}(Z, A)
EX 2.19.2: #3848
WA G, RLRAA

e: Z|G] — Z, angHan

geG geG

4 O =Kere, #% G ¥ 2B FAMRE G, £ N=> g% Z[G] Bk, T

geG
#EH gN =N =Ng, #84 Z[GI° =Z[C] - N. #ER# G @ ¥, Z[G)° =0.
AR LLE
Ja = @ Z(g — 1)
geG\{1}
H A IEE 5
0—=TJ¢g—>Z[G] >Z—0

T RBATLZI T UUE 2

Mg = Ho(G, M) = M/IoM, M =H(G,M)={xe€ M: Jgr=0}
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EE 2.19.1
s G5 GAE M, HRAKLTH

Hl(G, M) = Ker (jG Qz[q] M — ng)

5 ERIAFATH
HY(G, M) = Coker (M — Homgg)(Jg, M))

F B EL T
0—=>3¢g—Z[G]|—-2Z—0

i Tor B9 KIELT]:

Tor? N Z[G), M) — TorY Nz, M) = Tg @y M = Z[G) Qi) M — Z @iy M — 0
N———— ————

=H;(G,M) =M
BT Z[G] A8 Z[GAE, Fradst, % Tor(Z]G], M) =0, % L@ ELFIERAY
0— H\(G,M) = Ja @z M — M — Z Rz M — 0
PrAFEIRAE L, Rl Ext 69K EL7)
0 — Homg)(Z, M) — M — Homge(Jg, M) — H (G, M) — 0

752 ERIAR I

5|38 2.19.1: 3TH{k
A G, BNARM I6/3% = G/[G,G).

67

R RI LD R XENEIRAE, H ARG HRE, AR LA EMRL, HAH

A B oL, A8 AR AR AR A T

gh—1=(@-1D)+h-1)+@g-—1)(h—-1)=g—1+h—1=hg—1
BN RET AT Aok, i B ARERT R R, EARHESMNAETEEE
¢0:Jg/7% = G/IG,G], 7—1—7

B HIIEE R R L, HLEHHAAAE T IIE.

Rl 2.19.1

%H ZGI-BARM H\(G,Z) =7 Qyq Jo = G/[G,G] H G i,
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GRS R
0—=J¢—Z[G] -7Z —0

FHKELFE
Tor? Nz, Z[G)) = H\(G, Z[G)) = H\(G,Z) = Z Qyey Io = L Qi) ZIG) = L Rz6) Z — 0
W T Z|G] ABRHE, PTARLELN 0, HAFEIELT]
0— H(G,Z) - Z&z¢)3c¢ 2L —7Z—0
WT Z— 7 &R, Pl E4&7 LT E
H\(G,Z) = Z @6 Ja = T/ Spangg{(g — )z v € Jg} = Jq/3% = GG, ]

AT IE. O

Fit AFRATTRT L SR 122 e 4k B SR B [ 11 ¥ — B H L.
#iL 2.19.1: AR AREEAEREENNA
% A RFZGAE, W Hy(G,A)=A, 5n>1AEHREHRM:
H,(G,A) = (H,(G,Z) ®z A) @ Tory(H,_1(G,Z), A)
s ERARE, H(G A 2A, sfn>1AEREHRM:

H"(G, A) = Homz(H,(G,7Z), A) ® Exty,(H,_1(G,Z), A)

B F T G T AR RA 248, FRBNFI LG40 F A A3k AR Lt R 5 A 24
MR ARKE, FRATUAMAEME 24 L BT

H,(G, A) = TorZl%(7, A)
¥ 5 7 W Z[G]-EBHEMR P, — 7, HZMFid

Hn(G, A) = Hn(P. ®Z[G} A)

P, ®@zi6) A = (Ps @61 Z) Q7 A

Z‘?\ Co = P. ®Z[G] Zy f&%iﬁ
H,(G,Z) = H,(C,)

w Cy 57 L4252 8 W LM R ZH, PIARRTT R RECLNFME, &K

H,(G,A) = H,(C, ®z A) = (H,(C,) ®z A) & Tor”(H,_,(C,), A)
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FTRAFEIRRARTL, LR ILE . O

HEi 2.19.2
£ ARFAGAE, M
H(G,A) = G/|G,G])®z A, Hl(G,A) = Homy(G/[G,G], A)

RA T AE &
Hl(G, A) = jG ®Z[G] A, H1<G, A) = Homz[g} (jg, A)

Tor?(Ho(G, Z), A) = Tor”(Z, A) = 0
EXt%(HO( ) )7 ) = EXtZ(Za A) =0
TRZZFBAMANF X, BANFREZFAA 2.19.1 BT, O

2.20 Bar jEfi#
— AN SRR Z S AT E T 2GR R
EM 2.20.1: Bar HfRRyE
kG A, ZG ALBE. H o0 MAE ZOA F, 2L hE G FaEe n oA
[g1lgal - |gn] £RRAY B BAE. H30k, Fy REEHT | R0 AH G,
EX 2.20.2: (hBE T

BN A% W4t 0, F, = F,_4 A4 T XA

[y

n—

On([g1lgal - - lgnl) = grlgal - - - 1gn] + Y _(=1)[ca] .. |gigisal - - -1ga] + (=1)"[gal - . . |gn1]

=1

KA, ST TARE B T e T
o WA c(g]) =1
e ai(lg]) = gll -1
o 9y([91192]) = 1lg2] — [9192] + [91]

o 03([91]92193)) = 91[92193] — [9192]95] + [91]9293] — [91]g2]
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EIE 2.20.1: Bar jHfi#
W kiR F, A= 0, Hm8 55

0! 0 0
SRS SFESZ 0

R

A—NEEN, BERFILZGH Z — A2 XAnk g HiHmg, #RA Bar HE.

Wit ABRBOTH T ARIE 0, 100, =0, ZRIET FIIMR—ANEELN. T AL R4

T
S_1:Z — By, 1m]]
5
$n: Bn = Bui1,  golgil - |gn] = [golg1] -+ - |9a]
T VAR E
id =ds + sd
P VA IE A, O

ENX 2.20.3: BELREAS LG EF

Xﬂ’ BCLT /ﬁﬁi[‘im Hong(—,M) III%, ?%’-E'IJ:E% Cm(G, M) = HomZG(Fn,M), ﬁ%{{]\%ﬁﬁ
A G BB M R G- M 8RS EAGHET 4 C" — O iEF A

(@ )91, - Gnt1) = G1-F (92, Gr)+ D (1) F (91, -+ Gidin, - - gnr)H (=) f g1, - gn)
i=1
Fon W LREER LR
H"(G, M) = Ker(d")/im(d" ")

EIE 2.20.2: KM EF LRIARMAKBHEX
2 LRI H (G, M) AN EH AT 2 8RR

(1) H'(G, M) ¥4 I-cocycle FH T XXR%.

(2) H*(G,M) ¥ 8 2-cocycle 4% b T Hy RGELEZ 54

stF n =1, l-cocycle &K d'f =0, BP:

f(9192) = 91f(92) + f(91)

HFXEZZTLR ST L.
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FF n=2, 2-cocycle K °f =0, BEFEH:

91f(92,93) — f(9192,93) + [(91, 9293) — f(g1,92) =0

A J6 SFF X3t T A F B F A B 5 TR A ol A itk RG4S 1

ENX 2.20.4: IEN| Bar jHf#

& Bar HREAERT [gi]...|g.] F, FAEEA g =1 (L), WAZERTRBL
0. B A BB ARG TEHMALE, MEWEHARAEN Bar # M (Normalized Bar

Resolution,).

EIE 2.20.3

EN Bar HRARRE 7 9 WM, HiERIEN Bar KT HEHMRASLS LR AZESRAE
Bar MR ZARM. £ R EE, XERELETHEERBAHK f(g1,...,9,) B, R&ESL
HPasEsT 1, PTALLR[HKMAEA 0.

21 HH

5|38 2.21.1

BAELS X, ZEAERGANHE G = F(X), WHRHE 28 Jo AR X -1 = {r—
l:ze X} A0 AW Z[G]-4£.

EMC B4 o B {g—1: g€ G} A&, EFE

vy—l=ay—-D+@—-1), (@ '—-1)=—2'1—2)

TRMERHATAR X —1 2% TEIEALZAGE, THXA

zeX

b, oA U+, A PRE—RATA o ZE, WEXKEH

0=> V(x—1)=> " —1)

zeX zeX

RRIATE— A ¢ GRREEE Y (v—1) HEFFF, MRE—AL 2~ WREHLE D (2 -
BEFF, K b =0 =0, BPAMELK.
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EIE 2.21.1
SHFEAS X, AM#E G=F(X), L& Z|G|-¥ M, #H

HY(G, M) = H,(G,M) =0, n>2

& ELT)
03¢ —Z[G] - 7Z —0

FHKEAT
Tor%(Z[G], M) — Tor%(Z, M) — TorS (g, M)

W T Z[G] 5 Jg # A A @RS, &R 0, TR H,(G, M), %A 0, BEFH Ext 69K
EAFFE HY (G, M) = 0. O

HEi 2.21.1
sHES X, AME G=F(X), N

Z, nzo Z7 n:o
HYG,Z) = Z1X, n=1, H.G,Z)={7°% n=1

0, n > 2 0, n>2

n=08FEAHIMHEL 2.19.1 Z2F 2, ®IEL 2.19.2 HiFHRAN

H\(G,Z) =3¢ ®zc) Z = P (& — 1)Z[G] @z Z = 2%

rzeX

fmam:mmmﬂaﬁzwm<€wwnﬂﬂﬂ>:HHmmﬂm%@:ﬂU

zeX rzeX
HAFIE. O

2.22 HIRER _LEE

FIZ, ARG s, BATHEEOLER N=> g TR GB M, BATELT —HREE

geG

N:M—-M, x+— Nx
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5|3IE 2.22.1
sSARE G, NcZ[G], N

Ba=) nG, & Nr=0%0RY

geG

d ngN=0= Y n,=0

geG geq

FFIE. O

ENX 2.22.1: Tate E[E17
STARE G, G4 A, &L Tate LRAA

(

H™(G, A), n>1
_ AC/NA, n=0
HY(G,A) =

{r e A: Nx =0}/3cA, n=-1

k[’1’_1_71(G,14), n S —2

EIE 2.22.1: Tate EREIVAIESKIEESS!
MNFAREE G, GEHEELSD 0> A—>B—>C—03FFKESFT

... = HY(G,C) —» H(G, A) » H(G, B) » H*(C) —» H""\(G, A) — - --
¥ Tor A= Ext 49K E 458 id e 5] F A KBP 7T :

HY(G,A) — HYG,B) — H'(G,C)

L H(G,C) Ac » Be, Cop —— 5 0
N N
0 s AC

K ARE B —3. O
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3.1 EXAFER

PATV B SEiE Q MARY K K, K FHITRBERAREE, Z £ K FrARE e A
K MRBER. ST sk (CRLBL, WMeRkRWrT) L/K, BATTLLE X v € L WSE 5, AEE
N 1.13.1 BIW], Af DLAEARAE 22 T

fo(t) i=det(tid — T,,) = t" — art" ' + - + (=1)"a, € K[t]

H, A
aq :tI”L/K(SU), an:NL/K(x)
PATSEPr B4R 2] 1 RS
tI‘L/KiL—>K, NL/KILX%KX
1R 1.13.1 RUBE SR ALEK. 7 L/K &1 75475%, WIERATTIEE K RE0AE K, "]
Wz FRHE 2 T8
6= I  @-o)

o€Hom (L,K)
CIR
try(z)= Y ox), Nyx(z)= I o

UGHomK(L,f) UGEHomK(L,F)
HEHEAE T X T — R 5k L/ K, EESERTE DR e, X 2 e L, A1H
Ni/k(x) = Nk (Nok@)(2)),  trp/g(r) = trg@) x (k@) (7))
M L/K(z) BTSRRI, FONR o 78 K(x) ERERZaigin)feis, Al
Nk (@) = 25O ey ey = [L: K(2))a
WA T Bt v
Nr()/x (),  trr@)/r(T)

XA e A N2 TR, ¥ c LIEK FINETHR P, = X" +a, (X" 4 +ag,
Il
NK(x)/K(x) = (—1)"ao, tl"K(x)/K(x) = —Qn_1
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XRABEEES Lo, 2" MRT K(x) M—4H K-35, 1 <o 7EIXHE: TR R A 22

0 -~ 0 —ag
1 —ay
A=
1 —Qn—1

R IR. BT LB A7) LK (03, SHERA RY KA1 T LA 9 —HI R,

try/x(z) = [L: KJ; Z o(x), Npg(z)= H O.(x)[L:K]i
ocHomp (L,K) ce€Homg (L,K)
Sebt (LK) 9 L/K BRI JO8, B0 (L2 K0P) FRAT by 45 L/ ARATSHE S 0. 530
AR SRR R (2 X 1.13.2) tryyxc MFAEMER AR AL FLALY L/K RIS, 4RO TR 5
SR, MAEHIRY K E/F WANAES K E = F(2), it o WRASTRA P A 0 ik
it

Px n—1 .
< = ;bZX € E[X]
# Pl(x) #0, WX E B Lo, 2" MXT trp e BFIRHEHES
bO bnfl

Pi(x) Pi(x)
AT EIXHRAENEIE, 2 o=, 2, Nz KFTEILHE, ROTE NS

n J

P T -
ad L =X’ 0<j<n-1
ZIX—xiPx(xi) o=l =T

1=

R IR ZIE R, B oy R o), FATATLLE 2

AT AL S FFRI b ;
. . T
c€Homp (E,F)
s ( 2
o'EHomF(E,F) r i=0
n—1 ' b
= o 33] * / ! XZ
; (UGHomZF(E,F) < F, (l’) >)
X LG I R ET 245 2

tww@ﬂ¢£@)— 3 Uﬁﬂfﬁm>{;z¢j
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MO EE, AIATAL LK AT 4324 BAY tr x ARIEAL.
FATHLARS n = [L: K] DIEER an, -+ an EXFIFIFN

d(Oél, s ,Oén) = det(trL/K(oziozj))
AILEE L) K AR oM =E R 0, AT L/K AT oL, ey
d(ozl, s ,Oén) = det(trL/K(oziozj)) = det(ai(aj))Q

WA L = K (x), fFEREE 1z, -, 2", RATAT L3 A 5]

ne n(n—1)
d(1,z,-- 2" = [[(zi = 2;)* = (=1) "7 Ngp(Py(x))
i<j
NS NERR A Vandermonde 17412, 28 /NS 2& RN

n n

Nyw(Pia) = [T Potes) = T[] (@i — ) = (D=5 [ (@i —2,)°

=1 i=1 j#i 1<i<j<n
HFIHAIEA L, B
dL/K(alv e Jan> 7& 0 < g, ,0n 7\% K-@%‘ﬁ%?éﬂ/ﬂ
UEH R A R 2 KL, FRATASESE AR,

BUAERANZ [ BARM TS OL, L/ K REBERART K, O 5 Op 298 K, L WEHF, £X
BN O, NK =0k, ZfeHT Ok 52 Z £ K PRI, AiE RSB, BT8R
BARIEETER, PTLA

tI‘L/K(ﬁ) S OK, NL/K(I) € OK

Kbr b ERET e B AEIS A, Kol K, GIRM2Y5K L5 A £ L PEME B #MOL,
HEEIL EHN Ok 5 O H#HON A5 B BIH]. HANTE5EH

r € B — NL/K(I')GAX
%“/7"\ Qe ,ozn?'\j L/K E/‘J—‘éﬂgy #E OéiEB, %é’\d:d(aly 7an)7 I)_I\]Jﬁ

dB C Aoy + -+ + Aay,

12%7'\3% o = Zaiai € B, ﬁ\:qj a; € K, Ulﬂ a; y‘j@é'l&ﬁ%ﬂ%éﬂ

i=1
n
trp i (oga) = Z tr k(0sa;)a;
j=1

HHBT trr/x(a) € A, B Cramer 1N H1TE

xc A *

aj - det(trL/K(aiaj)) - E
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HURGE da; € A, #dB C ) A,
=1

B qjﬁ(]#éﬂfc% Wi, " ,Wn %fﬁ?%‘
B=Auw, & - - Aw,

MFH N B2 A b—HEEE, HARBRMNERAMNMEERMN L oK o, #SEEED o € A 158
ar € B, XA FESE o« M/ 20K

" 4 a ™ e a, =0

EF—ATENKRIEL o™ 675 a™a; € A, 8 a; K BHERIAT. FrUART I B £ K-2R1E T ik A
L. FrbLix P goRE L 1—4 K &, MM n = [L: K|, BENFEMLS B A 1HBE A-E

BRI e — ORI B R IE AR, HR2WME A 2 PID, aFHm ok 7. fF5H L,
L/K AR Y5, 5 A% PID, WA L KA ARAER B-TH M #2%k n=[L: K] 1H
Hi AR Rpl, B BEIEAAE. BERIRXAS, BAVER L/K M8 o, HIT3REE—
A FRBATREATR -, PrUAYRIXERITR AR B 1, i

dB C Aoy & -+ P Aay,

SR, AT rank B < [L: K], i B A M ABITE, WGEE, JE B 1 ARG K-4
AR L, # rank(B) > [L : K], ¥ rank(B) = [L : K]. AR p, -+, pue 52 M BI—HAERTT,
HUAFLE a € A 18 oM C B, # adM C dB, MIf

[L: K] =rank(B) < rank(M) = rank(adM) < rank(dB) = [L : K]

AERMZ AR K, %8 Z c Q /& PID, FrllFTbL K WA RAER Ox-FH o #FEE—H
Z-3 oy, ap,, Hn=[K:Q], XMIEArLlwe XHH=A

d(a) :=d(ag, - ,ay)

R, 708 K BRIL, HTRERAAEARRREESL, B By, -, B Moy, - B2 K IR,
A2t BEFE IR 5 SCRAVFITEAF AL TR ERAE Z H AN ERE M, N 15

B ol o0 B

Bn Tn Tn Bn

TRA M=N", BHEHK|M| =|N| = +1. ¥ Homg(K,C) FHICEMRN K F| C HIHEN,
L o1, 0n 2 K B C WA n MR, AHERII
(0:(B;)) = M(0i(7;)) = dijo(Br, -+ Bn) = [MPdryo(n, -+ s ) = dijo(y1, -+ )

WA AP B e B AR R R 3, R R 1 P SR s ) — AV B, BATTRE AR Z ik K (1)
A, LN dx B d(K) B d(Ok). HTeEM&Esx, il K fHRARN 0, IFH di
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AN FIBEAH da) WREAEE, BEMEE T o FRN BEXPA K AARER k-7
o Ca, Mal—HZH o, -, an, B PID EATFRA RS589 E LA UR AT

o =A(dion) ® - @ A(dpay,), di €7
FATAT LA R E A H
(a:d):=dy---d,
e MEWRAE, W UHE o/d AR, IFHE5E I L:
d(a’) = (a:da)?d(a)

LML LT AR 6 L A AR, T ARAE K A ORI
W EHESIREANIANTE Ok AR Z-R8, RIS oy, - an, A

Ok ZZ[CH,"' ,Oén]

IM Z #& Noether [#], FrLAH Hilbert 5@ ZIE ] Ok & Noether 3, BAMAIH, K = Frac(Ok),
i Ok BN, ®ENT Ok FRAEMTHEAE o, Ok/a #HRARK, B TAESRMEE p, #4
Ok /p ARV, Priljesl. R R, Frolg—4em, 25 ERATE 8o p) Q0%
BN —4eBE M R3S, R Dedekind B3R, 2 HAE & VR AT Dedekind HE3A o i AR AT HE— 1)
REEDE, X Ok WAESHEAE o, HAAEME—RBEED B

a

a=pj-opy
BUOAESAEIR K, B ARG 3R AR R S, B R o < 0, M-S TR NEBEEMEES,
PATE X O B XBBHE DA RER Okt M C K. — M5O E SGE R0 AR —4
O M C K, 847145 d € O — {0} H dM C Ok. EMERfR 25 RE A 2T — B E L Lk
ERAR G — I E—/N o BE, o BEAEAEIE BV R ORAIE.
—/N Ox-fiE M C K FRNRIEIEIR, WMBAE Ok N C K, fif§ MN = O, F5L LI
B N 2ME—IHFHET (O : M) ={z € K:aM C Og}. ME—H%ET (O : M) MIREHEZ

N C (Ok : M) = (O : M)MN = ((Ox : M)M)N C OxN = N

TRRIATAT LUE 2 1) 7 sUH AR AR AT I BAR, S22 JROR, AT 79 SR AR R 300 PR AR [F) —Fh g
o, W B BAEREE ST Abel B, FATHEXAMHECHN T Fenli, FATFE PR
PR, IR Z OVEIRIEE « = 1 M0 WA, EMIeEK v e K T AR HE, idh
(u) BE uOg, FRZNEHA. Prar) BRI Ik BT, 128 Pg. BATATUE R Ok K
o> IR AR AR A AL R BAR A ME— A, R

M = Hp“p, a, €7
p
M I SEPR B —ANHH Abel #, HHEA Spec Ok — {0}.
R Clg = Ix/Px N K W3EMERE:, K EB|GW N IES ST
1—- 05 - K*— Ix—ClIK)—>1
HATHERERI kRIS R, A28, 2 AL
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3.2 IETERBALHAR

ENX 3.2.1: Lattice
LV A=A n-H R-EAHKZE, V 69— A4
I'=%2uv+-- -+ Zv,

T2, P v, v, ABAX, m-TA (v, ,v,) AKX, &5

O = {Zm::vivi: z; € [0,1)}

ARG —NEERAE, REARARZEDN, R m=n.

H:

I

2 3.2.1
FETCV R4S LY C2HKY.
BGHE B — AR T2 HAUCYAEE— NG T M RS R AR s =ia) V.

VO AW, ERATRT PO HE SRR S, B8 U2 Haar M. BUE —HIEAL
ey, ens EXHABON 1, IMER n NERIETCRIITTR vr, -, v HIRIZEA RIS

b = {invi: T; € [0,1)}
i=1
HIRFRE SO~
vol(®) = | det A|
Hb A B e; B v FIERIRE, BT
((vi, v5)) = AA”

It LAFRATTRT LA BIAR AR 2
vol(®) = |det({uvy, v;))["?
BTN v, v, BRI, © NHFEARMME, AU NE L T FER R
vol(I) = vol(®)
AHEF BIX 2 RE . [FRERT ARG, HARBUROR.

FAHR S _NEE, R X
Yo,y € S = §(x+y) e s
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PAHR S RXxTFRLITFREY, iR
Vee S= —x€S

Uy, BAEFRAIAT LR B BATFH EAR E R B 1.
EIE 3.2.1: Minkowski
KX AR PRXTFTRESMYGLE, ACR" R—ANZEH, X H
vol(X) > 2" vol(A)

ARA XN (A\{0}) #0, BF X 2V R —NEREE yel. & X LR —ANEE, &0
T AR EG A
vol(X) > 2" vol(A)

Bz, EUR K, % [K: Q] =n, WIHEHA Homg(K,C) A n 4>, T2 HARSH N AL
A
j: K = K¢ = HC, a— (1(a)),

ME LN Ke H22EA Hermite AR
<x7y> = ZQ:T@T

1M Galois #f Gal(C/R) & L3 E R

F:z—7Z

R F ] LEFE Homg(K, C) b, {EFIA

a0 F ERAAE N ERSEAR), R
(Fr, Fy) = F(x,y)
FATEFETPLE X Ke BRI, & XN

tr: Kc — C, zHZZT
X[FEFEE F AR, R
F(tr(z)) = tr(F(2))
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ERITEES A
troj: K — K¢ — C
R R
tricsoa) = Y 7(a) = tr(j(a))
PATE BB 72

Kg = K¢

AN Ke T P-ABIE, B 2 =z BATTLLER] F(i(a)) = jla), W K JPRTLURAN K H, ¥
K¢ B Hermite AR HITE Kr USRI —DNSENR, XERA

F({z,y)) = (F(x), Fy)) = (z,y)

FrCARIL (2, y) 298, WMEENR, BATE Kg - AMinkowski Z[8], HT Fotr =troF, #JlL
tr 78 Kp DHUSME, FRATEWHSLER B

Kp=K®gR, Kc=K®gC

BEINZMAYIW K = Q(x), = BN ZTEN p(X), W
K ®q C = K[X]/p(X) ®q C = C[X]/p(X)
XX p(X) FZAER, GZOEMWR, 2808 1 AN e X WH
K ®pC=C" xC™ =Cnt? =C"
K ®q C — K¢ ML AT LIMIE N a @ 2 — jla)z, T F £ ERERA
Fla®z)=a®z

CIRY
(K®9C)f = K®gR
MRS ERMAS N T K — C FIRESHRA S Z RN, 2AeHN o1, 00, 5 1,00 1 LS
B,
K ®gR =R[X]/p(X) =R" x C"* 2 R™ x R¥> =R"*?? = R"
FRATIRAE R B BOR B BB SRR G BRI, TR R O WD BN R ROV —
1. B2 — T ATE ry DERAG ry HERA, LN

01, ,0ryp, Ori41y° " 50pr1470,Opry 415" 5 Ory4ry

AT B
j: K — Kg 2 R”

o= (01 (a)’ T, Qg (a)’ Re(JT1+1(a))v e 7Re(0T1+T2 (a))a Im(o-rﬁ-l(a))’ e 7Im(0-7’1+7”2 (a)))
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FEL Of KRR, ERTHRITE OV a 288 n BEH Abel B, B
a=%2Zo1 PP Za,

EX €1," " ,€n yg KR =R" E@*ﬁ‘y/&%y )ﬂ”ﬁﬂjﬁﬂfﬁ:

dlon) =) wije;
j=1

Hr
oj(ai), 1<j<n
zij =14 Re(oj()), m+1<j<r+r
Im(oj(w)), m+r+1<j<n
T REATHE

j(a) = Zj(en) + - - + Zj(owm)

AT HEEBG j(a) MWD&, FATCERIE j(o) IBRDTET 0, TERATFERY j(a)
MARRRT 0, AR — &K,

vol(j(a)) = | det(z;;)]

o) - op(aa) Re(opqa(an)) -+ Re(opin(ar)) Im(op () - Im(op (1))
_ o1(g) -+ on(a2) Re(oqi(az)) -+ Re(oryn(a)) Im(o,ii(az) -+ Im(oy1p,(a2))
oi(an) - op(an) Re(orqi(an)) -+ Re(or1r(an)) Im(opii(an)) -+ Im(or, 1, (an))
o) oo op(an) oppi(ar) o orn(ar) Im(ongi(ar)) o0 Im(op (1))
_ or(ag) - op(aa) opga(ae) o Opgn(a2) Im(orga(az) oo Im(o, 40, (a2))
01<O‘n) Un(an) UT1+1(an) ‘77"1—1-7“2(0‘”) Im(0r1+1(an>> Im<‘7r1+r2(an))
o) -+ on(an) opqa(ar) o0 Opgr(an) —2ilm(op (1)) o —=2iIm(oy 4, (1))
- oi(az) -+ op(on) opi(az) v ongp(ae) —2ilm(oy4a(a2)) --o =2iIm(oy 4, (a2))
Ul(an) UT1<an) UT1+1(an) UT1+T2(QH> —211H’1(O’r1+1(04n)) _Qilm(o-r1+7"2(an>>
o) - o) onpi(ar) o Ongn(ar) Orga(r) o Orpgn (o)
. 0'1(062) JT1<&2> O_T‘1+1<052> UT1+T2(a2) UT1+1(a2) O_T‘1+T2(a2)
2 2
Jl(an) o (o) opga(an) e Op () UT1+1(an) 0r1+r2(an)
e ARAT 103
V(j(a)) =27"|det(0;(cv))|
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83

W Py, By i O HI—HEER, i3 a=Z(di5) & ®Z(d,f,), HTHIZ a HHE, FATENE

| det(a(v))| = | det(o;(dif))]

EREREE N Na=[Ok :a] ¥ a 585, N

Na =[Ok :a] =|didy---d,| = |det(‘7j(diﬁz)|)’ | det(o;(c;))]

| det(o;(5:))

|dx|
Fr ARRAT T i 4445 21
(a)) =272 Nay/|dx]|

vol(j
HIURRAAE, UK TE, TR, BrLL a M— M.
FHAER norm Z AT PAFRA norm ) —5 7 L KON E M IR B norm 2AHE, 15
N(z) = NaOy = [Ny q(c)|
PR AR BER, A T o b,
Nab = NaNb

BEPIX &, BINAGTGERSIEBHE

1%

v T
a:pll...pr

) e ) A P YR RAT]
Ok /a =[] Ox/p}

FHT
Np” =[Ok : p"] =[Ok :pllp 9% -+ [p7 "] = (Np)”
TR
=[[~e")
AR A] O (@)
Na = O

) AR A A 2, AR O 2 .

5138 3.2.1

BAE PR K WMEQ TR M, (£33 FAATH X2 a, AL zca ' — {0}, 127
N(za) <M

Koo Ay RIEE, FE o' Abs

K — KR =R"™ x CT?) T — (0'1(1'), to ,O‘Tl(iﬂ),0'm+1(l'), U ,0'T1+T2(ZE))
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THE, AR Ke Po0, R Ky ¥ —AXFREMAFHEOE S, & My & Kp L
mtrsl

2
|£L’1 T T 41 Ly g

£ S Eayg KA,

BT AR A
m(AS) = 2" vol(j(a™'))

T A& & Minkowski & ¥ KM%l A& j(r) € ASNj(at), TRAKMNIE

Hai(x) Na

|Na

N(wa) = [Nijg(e)|Na=

2
< max|Ty-c- T T

TEANS ) L
— X%%Nmzwfﬁﬁ—lU%Na
m(S)

972 Na—1./]d
on a |”mwa
m(S)
— o+ g/ ldi [m(S) !

7”1 +r2

FAREARE K AX, AR, -

Hap b, BATET DI — SRR S b AN E L, FATAT A
S={(x1,  Tryqry) € Kr | |T1] + - |2, | + 2(|Try 1| + -+ [Ty ) < 1}
XN, FHUEES RSB My 8 n, F—E35E AT LLE Bk, 3412058 F 5 M
Al LB N
n /
BEEPERATTH A0 Minkowski bound. & THE AL H H FEL.

5|38 3.2.2: X#E5|E
“Be M>0, PARRSZANEE a#HL Na< M.

PEZIEFRHARSAFZZRFLRT, mENEZH N TERE p, FEpNZ=(p),
EMFeiE Ok /p & Z/pZ R REERERE, T

Np =[Ok :p] =
FHHFL qNZ=(p) WEER q AHARA, TZEAAN

q D pOxk
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WIER q | pOx, T pOy HEFE—FEBNR, FIAREHRA q WIEHE p R, BELE
HOR) B F R By B, RN R S A AR R AR TFE T M. 0

% hi = |CUK)| = |Ix/Px| N K WIEAEHF 2%
TIE 3.2.2: IBIERBAXHEIR
K &3, W h, < +00.

HTar@meyitid, iE A ERLFHK: &% Minkowski bound # M, & Fi# % norm )
THET M ¥R ERARY, HFHAT AR RXEZH a HTURLE-ATE 2 € a”! - {0} 47
N(za) < M, & zva REEE, FiASF—NRBEERAI R E—ANHLEH T M oy Ema,
HARWRBERT RN ER —ANERE, §5H6A RN 48 E LR AR, O

3.3 Dirichlet B EIE
Minkowski %% [8] 4 X N I aRvEF S, & 7 BTN 7: K — C. EX

K¢ = HCX.

H BT 00 N L S ke
K = KX =T[C,  aw(7(a)-

e MRS, Fe b, MMER a,be KX,
jab) = (r(ab))r = (7(a)7(b)); = j(a)j(b)-

XA A IV ST
j: K — HC

MR A, TETRIERE K 12 XA
N: K —C~, (ZT)TF—)HZT.
XE— MRS, WA

N((ZT)T<wT)T) = H ZTwT = (H ZT) <H w7>

SE W
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ot 4 A AL
NK|Q KX — @X

R, MR ae KX,
Niig(a) = N(j(a)) = [[ 7(a)

PRI, ST EORT DB 9 BT A OB AR, ﬁ%ﬁﬂ?ﬁﬁ&%*ﬁ‘]ﬁ’&ﬁ%ﬁ?’f:

Trggla) = Y 7(a)
N TR, 752 SRIEREL I B InERE. 2 X

0:C* SR,z loglz
KRR, Hrh C BUEREL ), R BUINEZN. BN
U(z122) = log |2125] = log | 21| + log |2a] = £(21) + £(2s)
LA BB AR 2 SRR S
CEE = TIR (o), = (log ),

XN, B BAR EERBFFES, T R8240

5 S TR

&P
a — (log|7(a)|),

LR (2,), € K& i

-

T

Tr((((2)-)) = ) log|z| = log = {(N((2)7))

A
Trol =¢o N

YEHE] 0 € K* FfE1S3)
) " log|r(a)| = log |Nk|g(a)]

REREEEMNARZ — FRKRATUAZREEE RN
K o kxS TR
NKlQl lN TlTr
Q ——C* — >R

HAPTH Q= C* RAKESE. B2 F AEILYE, 1ERAEBANEERNENNER L.

86
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o fE K LAEFF L
o £ KX =]]C* L, EXFHT:
' (F2)r =7
o fE R L, BISEBEHGLIEAAL, T LARE AR L.
(Fz); = 2~
XU RS PO, B
Foj=j,  Fol=(oF, ~NoF=FoN, TroF=Tr
PRI EEA B G(CIR)-522 1. % EREIRAA I F-AF) i, BRGEMEE. 12
Ky = (K¢)"

Ebs F R A, FD

+

=

7[R ESRbRZ AR RIS 5. T RAFRIA M

+

K kx4 ([]R

w ol T

Q¥ —— R¥ £ LR

W K ) signature N (r,s), B r PNSZHRA
P1y--prt K= R

A s FEILHEHA

01,01,...,0,05: K —C

ESYl:
(K :Q]=r+2s

F RSN S E AN M, IR
[[R=][Rx[®RxR)
T P o
HAEA o Ran—XHHURN (0,7). BIIUER F AN R x R BT LA PR

F(z,y) = (y,)
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A B R A 2

(z,y) = (y,2)

Rl
T =y
Fit LA N
[IR| =]IRx][{z.2):2zer}
AN RTTR— AN S5, XA SRR r+s. BT {(v,2) : v € R} B
(x,z) — 2x

PN R, (H153])—ANF N

~ Rr+s

UR

e 2 N T ORFF tr WU AEIX A [FIR N ME A 2 2.

Tr(x1, .., Tpys) =21+ -+ + Tpys.

78 IR [FH4 .

[[r| =r
SRS )

0K — R™S
Al B AR E N

U(x) = (log |z, |, .. log|z,,|,log |25, | ..., log|z,,|?)

/\I:'j

v =(x,;) € Kf c[]C

FHacK*, N
jla) = (r(a). € Kg

T X HOR N AT R
ar— (loglpi(a)l,. .., log|p:(a)|,log |o1(a)?,. .. log|os(a)?)

B ER ae K, A
Tr(4(j(a))) = log |[Nkg(a)].

BUEA v € O RABCEECA AL, N

ue Of <= Ngjg(u) € {£1}
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KN T
log [ Nig(u)| =0

T AL R HUR AL ) .
> _loglpi(u)| + ) loglo;(u)l* =0
i=1 Jj=1
B, AR RIS T
H={(x1,...,2%4s) ER™ |21+ + 2,4, =0}

XA 4EROZ r+ s — 1. JATE w(K) A K PRBRAREE, & O M— MR, 4]
i 2855y n] LLATE -

ZEIE 3.3.1: Dirichlet B EIE
K ZEB, r RFEHNNE, s HEHNITE, N
O = u(K) x 2+
HIEHAA T RO Ll EAR T OF A H, FATEXMRAN A, T2 R ZE
L =XOg) &2 H — 5%, JRATEME
1 u(K) = O 3T 0

el G ). HIEBAT j(Ker \) f£ K FRAAAH, 1 j(Ok) 2%, ali j(Ker X) ZABRTHE, 1M
K> RIAT BR 70 A B2 AR T8, IS 5 15 2

1 E RS SR TR u € O MFTHHN o BH |o(w)| =1, W u e u(K).
AT IIE W) o e 7 5 031 B

S|3E 3.3.1: EEHTEFR
B —A%#acZ, WEOx PHE |Ngpgla) =atitE, EHEEETOIELEZS
RAAREA.

FEEE aOk, B Ok/aOkx AHAMRE, IARFARSARE, mAeHEA REY, £5
PRA—ANTEEAFEELT)RELA LK £a, RIEHE o, ER—ANEEFAFL |N(a)| =
N =a, M

B=a+ay, 7ve€O0k

EEE o8 %% a(FE a= N(a) = Ha(a))

Q a
—=1-—-7v€0
3 B’Y K
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R f/a€ Ok, ¥ a/f € OF, Frvitatk. O

JE T P BROCME 2 S B AL N U X - O — H XN ERIHSFT H d, {8k
FEAC IR s HAZ IR AR A po(K), I DAL BR L R w55 A 15 T = M(O).
AW T £ H PEEBBOGHF BN 2R, Wy ek Bk 8 BECHE Minkowski
2R A B R A, T MU A Bl Minkowski SEHERI “4AEEEBR RN RAAREAN LR X—F
BRYESEE, MG — M AR, AP s e el , A Btk /w52 T -
BEEEA H B D2z, mHEH IR v i A e 2

O[X{ ~ M(K) % Zr-l—s—l

AT A EHERBN 1, ey, HRENER OF WEABED, iICt=r+s—1. 1
XSEORAN S, BALRE R % A2 - T
H = {(.Tl,...,m,urs) ERT+S X+ X :0}

[ &
)\(61), ce ,)\(815) cH
HRBAZAE B — D FEAR RS, ¢ 4EARBRT AR XA AR B R, O T ERXAMARL, 5N

=

=20
1

Vr—+ s
HT N 5 H EZLHEEA 1, BB Mey),. .., Me,) £ H KA ¢ 465, 15155 T H

Aoy MEr), -, A&y
TE R AR (¢ + 1) 45°PAT 2 THARARAR. BRI AMAFR AT DUS BAE RAT 1 R 0HE. KX g
I EAZHNHE e 2 J5, SRR PRI AT AR 3 T AEATINBIZE — N EET B TR M)
R EAEREE T, KPR LUE, EiZEETT, BREE—FIXI N Ay 24h, HRGTEANE,
T 28— H [P Z AL

Ao = (1,...,1) e R™**

VT —+ S
TRBMTINILZATRIT, BEIBRAEIEANATZ AN AEIRET Vr + s R E R
/\1(81) s )\1(&)
)\r+s(51) T )\rJrs(gt)

MAERE AN ¢ 7 g AT PR EH. DR EXSEAN R, WA

vol(MOg)) =vr—+s-R
XEK) R FONEEE K Hiregulator. 2 fT AR DA ERFEFERMER — N ¢ 19730, REOVEITA
P VR H O, AMEAT Z A 2 — D ERPER R, BRI AT AU, FrblE =
—ATHIREIR ¢t TR, HATHIAMNE AT, RIMAHEMR. T2 R KE X5l Er
M—A7T K. ZAERUY], Dirichlet HA7LE FAMY 45 tH B ALRERI S5 K, IR 1 HAh B B#Es—
BRI LA L AR
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3.4 Dedekind EIFEyI 3K

ZREEON K, FRATEER O WMRBEE, FEIMEE R p € Spec Ok, FATH—1E
EICE a 3k, FniE

0 # Nisgla) = [Jo(a) € Ok NZ

FrLAHIE Ox NZ —NREAE (p), FrUAFRATAER —NERE p £ Ox HH RN AR 2R A
I F ? BATE T — SR bTiE, MAEE Dedekind ¥R O JFih, FpEA R IBA RS
SRRt O,

e 3.4.1

4 O % Dedekind %33R, £5XBH K, L/K RART K, OH O £ L %A, N

O 3R & Dedekind 3k,

RN ANAT 73 B DL 2 BT IR, AH 2 % am dBAE v] 20 5K I i LU AR Uk B, (R D b 728 9
PB4, M ] PAGE 30 5 20K AE B Noether P4, T FRATT A %00 F i) R — FEEHH 2 T 431
BATTLAHN T p € O, BAEF
pO £ O

XFEFNEEE 7 e p —p?, AT
7O = pa

Herpta, Nifip+a=0.%1=b+s, HFbepsca, FTAMIEs¢p, Bl p=0, M

sp C pa=70

s = spP C P

TRs=nr, Hb2zcO, Ml o=s/rc K, o cONK =0, IiMisecp FIE. Mg
HITE p 7E O T2 E HAR R IR

PO =
FATFRACLE B, | p FIZREEAE lie over p, TMEREA lie over p 2 HANY
PNO=p

ey P | p, FRILFEEL
e; = e(Pilp)
NGTIHRE, FRERI RIS K

fi =[O/ Ofp] = f(Bilp)



CHAPTER 3. fREEUE A 92

HIRMHER# (inertia degree), FRATE S B B FR B EC R A B, R L/T/K &5
P95k, Blplp £ REAEREER, WERNFE
e(Plp) = e(Blp) - e(plp), f(Blp) = f(Blp) - f(plp)

R 3.4.2: EAXREFK
L LK ATHH K, WENA

r

Zeifi =

i=1
MAEWRG E— N0 0¥ 5K LK, WAAEAREIC 0 € O FRHER/NZ I p(X) € O[X], BB
TATH L = K(0). PHZAFATAT PLH 2R BAR R ) 73 222 1. FRATIFRIE O0) B3 1) O My KB
1 § N&F(conductor), #5F2
f={aeO|adD C O/}
s
f = Anno[g] (D/O[@])

EIE 3.4.1: ZIEEWN SRR
bph OWERR, ARp5fEE, WA (O/p)X] FENAE—TTLHHM"

p(X) = pi(X) - p(X)* mod p

TIPS

Bi = (p,pi(0))

B P HAFEAFA
b=y
I E#H A f(Bilp) = degpi(X).

XREREFTHRARERZRANT
O/pO = O[0]/p0O[0]
HYFEERARESL, BATTUEE m = £0/0[0], 2EEE mO C 0], #mef i
UATE p 5 mO BRMAT ISAMSTER, rUEEERPRITMEEERAE p 255 #9/0[0]

HE. AR p £ L PeET®, &
p= sBl ' mn

CAN: VAl

RIUFTE e(Bilp) = fF(Rilp) = 1, 1M r=[L: K] =n. o+

p=]]%r
=1
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I e; =1, IFH O/ |O/p BRI Y FKKIRIE P, NIETE, RZIWNDE, FHHSNE
f fi=1, WRATEENE. r BHRNINTERE
KPR b, oy B R PR LERU R, FRATIAAR T T A ] FRAR L

EIE 3.4.2: Dedekind#) 3 EIE

LIK B K, d(K) % LIK 833X, U peSpecOx £ L 98 % BRY p| d(K).

WA R B HBR AR B, 28 KER 7 R PR AR 0 B 0L

3.5 Hilbert 4R

ABEHEE L/K 52 Galois ¥ iKAEN, RATSKM G = Gal(L/K) FIWILHE o =ERTE O
b, Fali, X p € Spec Ok, B 72 p LRIRHEAE, JERZ

o‘Bﬁ(’)K:a(mﬂ(’)K):p

FITEL o 2 p BRERIEAR, Oy P KL AT LUEM] G 7£ {P € SpecOp: PN Ok = p} LHIFE
FI &AL ).

el 3.5.1
G = Gal(L/K) & {% € Spec Or: PN Ok =p} E&I1E R RAE Y.

TRBATATELZ HE X
EX 3.5.1: SRR S AR
5P A O FEE, NTH

Gy = {0 € G: 0P =P}
AP EK LOSME, ERETH
Zy = LO®

AP A K LSRR,

AHEEES] Gop = 0Gpo". X5 Galois HISE—HEN), HERERANISTERE

Gy = Gal(L/Zy)
1 Galois §3RIVIEDL T, B fr, L fr 5 oer, o e PN ERILRIT

p =By
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WIS o Bda 2, BATATLARE fi=--- = fo e = =¢,n XRDAN

r

b= ofp) = [[o%)"

=1

FREWER S KRB ME— 0 E, SL2E R 5 BRI S, FHEE R
OL/B=0L/0B, [a] = [od]
FrbLl [OL/B : Ok /p] = [Or/0B : Ok /p|, WCRMEEWREBHER. FrLAIXEXT p Y % L/K
ER AR,
IAEFRATAT AL By = PN Zy, TRBATEZHAERBLREE B | Bz | p, FIHEG 5K EM
FATTAT LAAIE A :
PRl 3.5.2
L/K % Galois 3K, p EH LR IEHA e, MEREH [, KMNA
(1) By &£ L FHHE, BP P ZE— over Py 89 F A,
(2) P A Zy LEHHAGHY e, WMHARY f.
(3) Bz £ K Loy B8R AREEAA 1.
N\iEEﬁEPﬂJI_LI; #Gq} = [L . qu] = ef. Ehﬁ:Xj‘ o € quy ﬁ UOL = OL #E‘ USB = fﬂB; ?%i}ﬂ%%
IREIEL)

7: OL/B = OL/PB,  [a] = [oq]

BATERBAE B RIKECHN <(P), FHH k(p) = Ok/p. iS5 HE, BATATLEER £(P)/k(p) /2
ERP 5K, I B AT A B — AN

Gy — Gal(k(F)/k(p))

M AT PAAS B0 58 e
ENX 3.5.2: [BiEt

R P £ K LB HHA
Iy := Ker (Gy — Gal(x(B)/r(p)))

Y NS )
Ty = L™

h P A K e

BARATIL Gal(L/Ty) = Iy, TATHRE EEF

1 — Iy — Gy — Gal(k(B)/k(p)) — 1



CHAPTER 3. fREEUE A 95

FBA Iy & Gy HOIERLTRE, Calois BLR 5 VRIRAT T/ Zop R IEIY (1 L/ Zy WA R Galois
Bak), TREAME e
Gy Gal(L/Zy

Gal(w(B)/x(p) = 7% = G 7

HRON K (B)/k(p) AR, GiEATH LU £ IEMY 5K, WEARE Galois 73K, FrbdAH

= Gal(Ty/Zyp)

(G« Iyp) = [Ty : Zy| = | Gal(Tp/Zp)| = | Gal(k(B)/k(p))| = [£(B) : (p)] = f
Fir CAAT W,

Gl _

[L: Typ] = # Gal(L/Ty) = #1y = # 7

HATEATLLFE & Pr = PN Ty, AL
Rl 3.5.3
wHARE, & k(R)/kp) T 5K, N
(1) P & Pr LOPHEIERA e, WHEAA 1.
(2) Pr £ P, LehrsdesA 1, BHEH f.
EHAETEE Galois 75K L/ Ty, R TREXAYIKMT, B IR Gq@/ ORI R B AR
(1) Gal(L/Ty) = Iy C Gy HHITER, METEEHHIEE Gy . FrLd
Gy ™ = Iy

T 9 MR 1 A
a=o(a) mod P
M0 e GE™ = Ly, THRE Iy B LR AR MR, B

L/ Ty

I =1y

Fr A& AFEIEA
1 — L™ — G — Gal(k(B)/k(Pr)) — 1
HFERAT o
Gl /npe)) — B Ty
al(k(B)/k(Pr)) = Lg/T%‘ T

Pl £(B) = (Pr), TR

FOBIBr) =1

MHT P & Py LME—RRIE, FEHER Pr EME—RRAE, Bl RS IRERAT

e = [L: Ty] = e(BPr) f(B[Pr)
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T
e(B|Pr) =e
TR Y KSR, LA

e = e(BIBz) = e(BPr)e(PrPz), [f=FFBPz) = f(BIBr)e(BrBz)
SLZIAF
e(PrlPBz) =1, [f(Br[Pz)=f
TR IRATAT WEEAS 43 B Rk 58 35 (K %) 1

L P Pr = P )
el1 ramify e
Ty Pr o [5(Br) w0 =/ Iy
1Af inertia f
Zp Bz p=]]B)z Gas
h 11 |
K p Gal(z /K)

Hf K — Zy RaiE T R ENARREERGEE, BAaS 0B S TEREnEL, m Zy -
Ty 4 T HREREER, Ty — L 408 T o Bdeun5 8, XS @ BA TR P | p e
BT BB | Bz | v, HET T8 B 2REEER.

XHF AR B Z P over p, £ Galois F5KAFBEATHIE e = 1, MMl Iy = {1}, BEISAHE
[F 4

it

Gy = Gal(k(B)|x(p))
1M 5 78 A PRI Galois #F, MIMTZIEMEE, B Frobenius JLAEM, & N = Ngjg(p), ERICER

(%) k(P) = k(P), ar—a mod P

Rt —A f = f(Blp) Broc, HEXMELT Gy &4 f B ESRRE. R TREMLS, Far 5.
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5|3E 3.5.1: Frobenius B[E#I89 14 &
% LK HEBS Galois 7%, B|p, HH e(Blp) =1, M

(1) Vo € Gal(L|K), #HA (%) =0 (%) at.

(2) % E & LK ¥ 3%, 4 PNE="g, W e(PPs)=1, F1

L‘E B L‘K F(PBElp)
(5)-G)
(3) 4= R% E|K 2 Galois ¥ 7k, M e(Pgelp) =1, HAH
E|K\ (LK
)= (5
IEMER R E AW, AN, AT AR 2]

vl 3.5.4: STE N RSIED BN E BIREF

El/K —IEJ EQ/K %F?% Galois ;Ilrg{‘, /1'\ L =FEEs, D]']

E

(1) L/K #& Galois ¥ 7K, HH Gal(L|K) RM#T Gal(E1|K) x Gal(Fy|K) #—/~F #f.
(2) K PHEREp £ L PRI — p &£ E 5 E, AR

(3)p B LFPRENDHE < pEE 5 E vHTESE.

(1) ZE AR, HAVTHNBE A
¢: Gal(L|K) — Gal(F,|K) x Gal(E,|K)
EMA (2), AP|pHh LWEER, P, =PN0Og, % 0€ Dy, N

o(Bi) =c(PBNOg) =PNOk =P,
X LB O"Ei S Dqgi, FAT L (,O(Dsp) - Dqgl X Dq32. Mt o € ]qg, %{%Q{]]%Uig’ij"ff%éﬁ T e OL, %‘[3
A
olx)—x eP
I3t &8 v € Op, A
O-|El(x) —TE iBmOEZ = CBZ
T’TP&L (,O(va) C ]qgl X ]pr. }A%&’ﬁ]ﬁgﬁﬁq p E Ez “Ff”féy\ﬁi <~ If_pl = If_p2 = {1} — ]qg = {1}
= p &L VIS RZ WX p A& L FIEME, BATLATHREZIESE

(3) A L&y 5] 22 KA il
L) - (55 (55)

()= ((5)
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Mimp o L #5ANE s o(Plp) = F(Plp) = 1 <L|TK) RN <E%%> _

1, (%) —1 = pEE B E YRASE BAERAN 1 SREHFL, KmklfEALZ
2
F ALY K. [

EIE 3.5.1: TREESRMEEARAMER
K L/K REIRE Abel 775K, p & O WERER, Pp A L FROEER, Zy b Ty Ao f#
MEW MR, M Zy HEFp %éh\%é’aﬁk“}jlfﬂi& Ty AARAF p dE A R KF HR. (A
Abel ¥ K& LT INF P 3 &) MR FE A I e 2 R — AR 09, B A BRI )

W L/K & Abel 73K, AT Ty 5§ Zy A K 4 Galois 5k, £ ETHB M %45 p &

L

|
/\
\/

HAFniE
[Zyp: K] = p & Zy B89 SRE
= p e L Lep2rH
zpﬁUi%ﬁ%/i
HATE AR TS ERTASMRE, Kifvp &£ L' PLZAL2H9HE, Am&lfeiE

p A L EHEKH =L K] > [Zy: K]

ST L =Zyg B9 M C Zy. OB AERKOET p TEFEOF IR FEE M ARF p FEDHL,
L

|
/\
\/

HAVA PTA S AGHARAR 1, AT
L' K] = f(BNOy|p)r(BNOL|p) < f(Blp)r(Blp) = [Ty : K]
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b or(—) AT R, # R FEFIE. -

)5, A TAE Abel KA R B, RATEREMIE: 4 L/K AEENT 285, 1Lk
NiE— K ) Galois ¥k N/L/K, 4 G = Gal(N/K), H = Gal(N/L), % p N K (R,
B, N L H over p MERHEAMES, P A N H over p FIZREA, N

H\G/Gm—)P, HO’G«p'—)O’sme

T A RE SRR

3.6 0 p-adic

p- 1B AG T Hensel MEREOR A BN EOR BN T, B AEXN R s EY) Taylor J5 % Lau-
rent EIT, B RIRATA] WAT = R BEHGET AT LU IT A p-2EfI IS, i p = 3, WATA

17=2x3"4+2x3"+1x 3
XPIX G OLHAT AU S, FRATH RS A IIE p-#H BB E L, RITE e X
Zy = {ag+a1p+ayp*+--- | 0< a; < p,i €N}
AN Laurent 8 CVFA BRI G688, W EHRSRE] T p-#EE
Qi={a_pmp ™+ H+aaptta+ap+---|meN0<a; <p}

AHEE A BRI S5
Zy=4mZ/p"Z
p- R EIRAE R TR R A EUTRERE S T EE RN, i EE ST
F(Xy,-,X,)=0

Hph FeZlXy, -, X,], BEMBINTTENELRELRARSH, HEERMNTLIEHERE mod p
LT TR A, WIRE  mod p MG N LM LGN E L LM, & mod p A, K
& —PFE  mod p* JIEHEmKmIEN T 25 M, FRATS b B G/ N CE T —FE 7T L
S EI RN = iUk ES 4§

foRl 3.6.1

F(Xy, -, X,) HEZHZAX, FEACGEK p, W F(Xy,--,X,)=0% p-#t¥EHXELH

REEE v>1, AEH4E

F(Xy,---,X,) =0 mod p”

#RA R
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HHl Z, 5 Q, i R HIME LK, SCbr EIRATT UL HF 304l b i RasHEsE
RH), AR Q EIRATEMEE HILXMAE |- |, FHACH |- | WINEHIRZ p-atdixiE, RI%EE

|x|p — p_’/p(x)
BB e —MEE, HieB=ArFN
|a + b, < max{]al,, [b],}
WA Cauchy FIHJ7 20E OIS, FATATLUAKIL Q, 2 Q £ |- |, FHIE&NL, MAERXDE ST,
p-IEEEEL
Ly =A{z € Qp: [z], < 1}

N Q, AR, HEAr
Z; ={r €Z: |z|, =1}

NEALRE ERTeE, AImEATR
Q) =ZX1Z,

7, AR FEA, Bz, JF A
Ly/p" Ly = L[p"L

PATIEAT — A JFE R

3.7 ES5ZEKL

AR BT p-db RREIAT — il (ER TP RN ZIRE Q, KIFT, FL E—Y)ar#ar Lo
M Q, THOLEEME, HMOEM M2 2RI, AP ZER M, Bl Q, MIGILEMEIRT, JoH et
[AJHIE B

EX 3.7.1: I{1&
B K B —/ANBAE R & 5L
|-]: K —-R
WA (1) ERME: |0 >0, AEREYARY ¢ =0, (2) Kb: |oy| = |2lly|, (3) ZAFE
K BE a>0 87 |2 +y|* < |z|* + |y~

XMEG T KRR A LI S0 4h, BATBRMAMIREZF MR, R 1E K
FEAR A,
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Rl 3.7.1

K EQAABRMA |- 5 |- |, FNIEREALKE s >0 #%F5F
=115
TR IATAT WA SRR AR B B N RAE A R S i, AR ER B A o 15
lz); <1 and |z|s >1
Fsg ERATTAT LUE BIFEAS R SR 2 B A8 B A BaRP o e, @ e B IR T IX — A

EIE 3.7.1: BifEE
Ay e AETRFMRAL, WAEL a0, €K, HHEEW >0, GETEK
£ 45

|z —a;|; <e,Vi=1,2,---,n

BATRIE | - | RAEFIECREME, WR {|n]: n € N} ZH AW, SZMFR A ERERE.
ZHTPT L) Q i p- A Wi ARR HOR RN, AT RIIE p-BEIRAEL 2 I 2 o = A AN S5 R, 1
5 E R =AW LN E 7 ERT EOK IR -

Rl 3.7.2: JEFIRME
AR |- | FFFT S BERYHRE=ZARFX |2+ y| < max{|z], |y|}.

0 = AAEX N RATT LR R W R 2| > |y, WH
2| = |z +y — y| < max{|z +yl, |y|} < [z]
M A LA H
|z +y| = |z
T RAEIERTIRAE P IH I FERATT LA f(t) € K[t] & XEXHE, #
f=ao+ait+ -+ a,t"
E X
|f| = max{|a0|7 Ty |an|}
G
|f + gl <max{|f],|g]}, [fg]=I|fllgl
FATT DL e E e 30 2] K (¢) BN

H.:m
gl gl
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PAERRATAT LY Q BRI BE4T — > 20 )

Rl 3.7.3: Q LMR{E
|| R Q LM, MEZFNTENELH p 0 p-ttIA |- |, BL2ENTAFRMA |- |-

|8 K ER—ARE, JRATATPUE X
v(z) = —log |z|,Yz # 0
FHRE v(0) = 0o, TRBAMEFH—A K%L
v: K — RU{oo}

W (1) EEM: v(r) = o0 = =0, (2) M: v(zy) = v(x) +v(y), (3) MEAAEX:
v(x +y) 2] {v(@),v(y)}.
TN K B2 an BV B sk BOPR e &, R VB P 175 000 W AL R A 18 B8 AE 55 0 24 HLAX
M ovp = sve. N T HIREIMENX 7, RATH ZHT i BN TEI Bl E BXE. T _2EHR
FORAE T FATAT L5 SRR A
PR 3.7.4: AR

K &8T%
O={reK|v(x)>0}={re K:|z| <1}

A —ANREIENER, Lz h
O ={zeK|v(zx)=0}={xe K: |z|=1}
HoE— MR Z AR

p={reK|v(x)>0}={xre K: |z| <1}

IREA R IR AEIEE, BT O/p ROV HRIRE, WRIBERE o PEEGE ), B
v(K*) = sZ,3s € R"

AR OV RRAE, PN, Wik s = 1, A — D EsOE A AT LA i a k. JRATRR
£ o(r) =118 O HIEENZIT(prime element) /& uniformizer, MM EEN z € K,
AT w e O 5EH m fiif5

x=ur"

FRATTRs B HUR A (AN ARG B IR AE 3R, RIAR S48 BORAE JE f I C R REE O, FRNES
BOR{EIR, fIFAN DVR, A3 DVR £ PID, JEHZFIIN, O FTE FAEW: %) N

prQD---Dp”D---
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XM T 0 AL — AT EE, A SE N
pr=m"0, p"/p" = O/p =k(p)
X TaRIESRANE KX fE L0 1 AL R —2H 4038 v DLGn F 1) i)
O0* =0 >5y® 5 y®

KRt o 5 (7" =q¢7" W

U™ =1+4p" = {x e KX: |1 —z| < qnl_l}
n > 2 WHCAEMEBAIEE, 1 n=1NECAERM. ROTIEEN, RAIA
O /U™ = (0", UMW/ UMY =0/
K HARR N Q, MIEIURAEE B S 1L1L, FARIVIRE 5 E H
(Zp)* /(L +p"Zp) = (Z/P"L)*,  P"Zp/p" 'Ly = L[V,

IREEARBE A A 5, AR T LA &4k, B (K, v) &M, HHE&rilh K,
FATAT LA SR I o SEHE K b, B

la| ;== lim |a,|, ©(a)= —log]|al
v A IERT R,  FRATTAT A
0(a) = li_>m v(ay)

KRR AHEN, JREETH
0 — an] = 0 <= 9(a — a,) — 0
WY n 725 KIEHE, 9(a — a,) > v(a,), HER=AATERATH
v(an) = 0(an — a + a) = min{a, = a,9(a)} = o(a)

T AEAG 2 J F A6 BOR B AR5 2 A RTRL, B oK) = w(K™), 7T B8 B O 84 18 2 35
HUBRE, AT DVR 45845 DAPR KR
Br] KA R U T DU BN (T B, BRATTAT 40 e B

EIE 3.7.2: Ostrowski

K Z—ANFERERZES, BMAA ||, WEE MK K 2| R & C 89R#H o 1£F 44
s € (0,1] HE
la| = |o(a)]®, Vae€ K

BHARXZ BT ENE #TZ, TEAREZEBRERAMELTAA R A C
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BESRBT SRS G L O TR T T, BT R sk 3 T AR %400
PRl 3.7.5
OCK 5 OCK AFTRMABA LR LG, p 5 p AN EHRKZA, NENA
O/p=0/p

ERALL R &y, 1)
0" =0/p", Yn>1

A5 A
Zp/pr %’Z/pZ
—/NIEHL
Rl 3.7.6
NEZMNWLELA RCO N k=0/p §—IMRELER, #F0€R, Tc O h—A%FT, T
PAEB A B IERAE v € KX BE—AE—t 5%

z=7"(ay+ o + apm’ + - +)

—;Et“:F CLZ'GR, CL();AO, m € 7.
16 Q, Ht I A 50 B
r=p"(ap+ap+---+)
A IXFh G LR FR AR ITTRED {01, ,p— 1},
SRR —EA I, ArLAsEhr EIRATA
el 3.7.7
O REZEBHIRAAIR K 69, W] 3¢ e 4

&

O — limO/p"

RRHK R 4B FUIE, B4
0% = lim O~ /U™

A2 RE B ) 48 2] B IE.

WAL K & — P& WaERtEE, & O NHBE, WREEN p, FREA = O/p.
BAIRE—AN 2T f(2) € O] BARIREH], R f(x) #0 mod p, Ef

|f| = ma‘X{|a0|7 e 7|an|} =1
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FERRTREIX —3, Hensel 5| FRFE T — ML EE K M.

TEIE 3.7.3: Hensel’s Lemma
() € O] WARSAX, %

g(z),h(z) € Klz] REFH, W f(x) TAB S EH

b g, h e Olx] 45 deg(g) = deg(g) H#H

g(x) =g(z) modp, h(x)=h(z) modyp

HEEIEA deg(h) = deg(h), TN p ZWTTRESETT £ MIIRERK, BATRBERIE— R
TR
Hensel 5B RVFAHE Z/pZ FHIGRIRFAAN Z, fi, A4 BA1EE0L B3 B Hensel 5|2
&

HEP 3.7.1: RAVIRHA A Hensel 5|38
& f(z) € Z[x) C Zylz]), FHAE ag 147
flao)=0|p, f'(ap)Z0 modp
W ag T VAR A p-dk BEBAR, RE VLT AR FRA DL p" 694k, HHEZE n R,
REEEEZ
f(z) = (x —ap)h(x) mod p

Mm@\ T f(ag) #0, PT¥Ak h(ag) #0, & x—ag #= h(z) & (Z/pZ)[x] ¥ E%, i@ Hensel 5|32 %n
BT ARSE Z, F. 0

BATATLAE R 2P~ — 1 1E Z,/pZ, = F, 1%, MBS (A Hensel 51 B0 LLAIEMAE Z, -
W, B IRATEE Q, HAFTH R p— 1 IREAIAR.
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#EiP 3.7.2

A K B R &R, WARTHZRAX f(2) =ao+ax+- - +a,2" € K[z] 5 anao # 0,
) A

|f| = max{|aol, |an|}

AR, a,=1 H qo € O Refd f e Olxl.

XANHER T URHATAS AT 20 2 T 0 2 6HE H B IR BB B0 k€, X KK fRAE 7 2 Al 2
B—IAEI A
AN [ RE—AGiM K bk, TURHE f €Ol R |f| =1, 4 a AFH—A
B a| =1 8 R %, W&RMNA

flx) =2"(a, + arp1x + -+ a,2"") mod p
% max{|agl, |an|} <1, M 0<r<n, EHFFHA f(z) £ (O/p)|z] FT%, B Hensel 5|1 fnit f
Ty, T O
A X AR FRAT AT LA 2«

EIE 3.7.4
LK A—NZEB, ABMA ||, T —AREKY K LK, BATAE—#EE2] [ £
Y [L:K|=n ARMBY K, 2EHTXLH

|a| = A |NL/K(a>|7 Vo € L

Kb b K ERREIRME R DLEZS R T, [L: K] =n N, EH w B TFREH

_ o(Nyx(@))

T A R VR AT PRAERTE K- MIfE e S Bl K.

w(a)

fel 3.7.8

K AREBRAB, || AW, V R—A n BEKE K- SHEFHE, WHEEGE o, o,
% UMK SR

2101 + -+ @pvp|| = max{fan |, -+, [wa[}

5V ERKGEEFN, 40, V RLEW, FHLRWH
K" =V, (x1, - ,2,) = 2101 + -+ + 20,

A—AFIE,
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3.8 FEpE

YIATU B B, RERATRNE ST Q BiH F,(¢) WA RS 9k, A TR AR 2 B #
FIH B A A R AR . LSBT EERIE R, AR — A BHORE R & K, 5 H 5 R
S RIS 0 T REIE, A BRI BOREICN v, 2 |- |, BonH ER4aHE, WA

|34p:: qfvﬂx)
Hrh g = #r, NFIREATRN. G EIRATH AR KRS FEE R 5 C FRN R

e b, FRATAT LAV BH RSOk B T A I 1 B HOWAE 58 &AL,

EIE 3.8.1: BEPEAZIE
AFTEREEIBAA Q, A2 F,((1) 9AMRY K, FMEAREHIFHRAAR 5 C.

MR EEEE A RIENBOAIEN, R IR AR IMER,  SeVEAE L B2

fhan 3.8.1
B B0, BRI IRALIR A Y
PEBHE

O =lmO/p"
BHEAGEERARBVEAROATE, KA YM, fatO RAEEE ac K H—ANEAR. O

PATAT LU — AN K, iSO R i, JF HAREER S, I8k AT
R7C7K/QP7L/FP((t))

H—A, HA K/Q, 5 L/F,((t) #2aMRY ik, RVIERHU S H MR — & A T HE— R
Sl (B] B oK B B AR R EOR ). KM N R B B A IRYE, JEEBURIEA - LIRS, 3k
CERBAER IR B AANHE, R R SR — e R B, AR TR,

A AHE p BRI F (1), b ¢ = p/. $HE 0 BRHEEE Q, MARY Ik, N
p-1EEUE.

el 3.8.2

BRIk K 69 LA G
K = (r) % pig1 x UD

AP 1 RAFL, g=#r AREBEGRD, UV =1+p HZH25

ORI+
Q, =(p) x{1,2,-- ,p— 1} x (1 + pZ,)
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SERIR] LA R, FRATE T PALE K b A R 8un R -

fE0 3.8.3: X
stop-BtHOR K, GER—ESEHRL

log: K* - K

143 logp=0, H#AEZTFLE 1+2ecUD L TFX4H

z2 gz

log(l+z)=z— = +% _.
og(l4+z)==x 2+3

B R RAER, EREA—E, Ad/NEHEA K.

W 3.8.4: &%

A K|Q, A=A p-#t KR, BIAFA O, MAEAH p, & p0 =p°, NHEEK

2 3 22 23

T T
exp(x):1+m+§+§+...’ log(1+z):z—§+§—---

En>el/lp—1) HEETRERMEEIF IR

exp
p—— )
p log

FIERATERIN RS K S, U0 TUERE KA 2,8, HF p = char(x).
14+2ecUY 5EEN 2 € Z,, BATEZES vV /U WHN ¢" Hb g = #0/p =p/, Wi H
RIRH—A /g7 B

U — @U(l)/U("+l), Z, = mz/qnz
TRBATAT DUE S AR PR R ZAE 4R B Z,-155, XHEEW [m] € Z/¢"Z, "WAEER o €
U(l)/U(nH) H

S RIVXAKAARF IR, BN o = 1. TREF U/ U & 2/¢"Z 1, Frelid iRz
THUW 2 7z, 8, mLFEER

w = (u mod U(n+1))fz mod ¢" - mU(l)/U(nH) c H U(l)/U(n+1)
MAEXNE LT, R
f(z)=(1+z)

FEESER), RRERNL 2 5 2 BT, WDKK 2 =2 mod ¢"Z,» W (1+2)* = (1+2)*
mod UMY, FREATW#ES:, Fil# Z 3 2, =2 mod ¢"Z,, WE

(1+x)* = lim (1 +x)™

n—oo
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H R 2 R, IR 0 JT M, P DASRIR R tho J= 8 S5 i #h 4. AR DA

ETie, FRATAT LA Z i R R SR A R R TR K

Wl 3.8.5
A K A—ABHE, q=p AREHRGTEAN K, N
(1) & K 442 0, WA XREF 43641 F AE:

7 7
=/ 72
@(q—l)Z@paZ@ P

EF a>0, d=[K:Q,)

(2) % K HHE p, WA R R 64N I

Z,
K*=>=7 /N
v (¢—1)Z ©%
23 A R (4778 3.8.2) 3k 2 B
Z
K> = B W~z (1)
(M) X ptg—1 X U ®(q—1)Z@U

BT AT A5 5118 UWY [0, X THEE 0 BN S, 24 n B KIORHES
log: U™ — p" = 7"0O = O
AR FR AN FIIE, T O 2Rk d = (K : Q) MIE M Z, B, Fril
U = 7

ifi (UW: UM) = p* LAWK, Mifith PID FAG BRAE R i 25 1) i 3 0 1
Z

U o~
pL

d
o 7t

Hor Z/p"Z W Fox K Wi p-Sm R A AREE. RHIE p RIS OIS E AR, A AT LAER W] 3 5
RERERISERE, XTHFE 0 I, A bahty, SURRNE AR E bfe, X TRAE p KIS0, H

U =7z
R ERR E AT
#iL 3.8.1
EFaARE 0 E K L%, WA
(K%« (K*)") =n(U : U") = %#mm

£ U Rz
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EEF KX = (1) x U, ©L&meahE

U= p(K) x ZZ resp. U = pu(K) x Z,

HIEST
1= pn(K) = p(K) = p(K) — p(K)/u(K)" =1
By (K)
1
n K) =
#1(K) #H(K)"
L K440, TR
Z, \* (K
V0" = K0t () = i) = E2
mAFLE p B, A
(U :UM) = #pn(K) = #p(K) /|0l
BA (n,p)=1, A |n|, = 1. n

3.9 Henselian 13

R 2 KT 58 & ARRT B TE MR I A A T, SR A IR e %4k, 10 RAK# T Hensel 5
B AR ZAEATT M Hensel 1554+ IUEXHE A 5K —HE .

B (K, v) B ANIERRES, K Rk, o £F] K K, 05 O 2R AHERF, i
K £ K FIaHWe K, iGHRRERN O, WAEEN p,, AEGKR

KchC[A(, (9ca,c6

B K, — A%, HRE0 LU Hensel 5 FEAER FREST, 24 K 4F4E 0 IR A S UiH,
REJR AT
O/p=0,/p,=0fp
# feOz] C (5[x] TEP R34S, MOETFRR) L A BRI 7l
f(z) =g(z)h(z)
i Hensel 5| B FA 15018 7] IR TFHA O 0k
fx) = g(x)h(z)

Heg=7 modp,h=h modp, HH deg(g) = deg(g). —HIE g MFEIRECESE OF H, 454 f
I REERAE O, T, SLZIFTLMES g, h BIPTE REEE K EAREL 0 K FFE 0, W20 AL RAR
B, MIFTE REEE K, b, TiREEE O ', &t

K,NO =0,
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SLZIW W Hensel 51BEAE O, EREOL. TRFATAT LLLAR H SARRFAE 0 Bt a7

AR LR IREIS K, 9 K AW IRME v B henselization. fR{RE T 58 & 10 EEZ K
Bkl JFHZ K A3 5K, Asdhit e CERsE &, X HE & & & A BEIE 5 A
I5K 1 i) AL

EMX 3.9.1: Henselian Field

—/~ Henselian 32— AW £ EagdE BT X RIERAL, 3L RAEZR %2 Hensel 7] 32.
HAVE B AR RALIR henselian.

EI2 3.9.1: Henselian i3 2 iF IR EXHEH skE—E A

& K &—A henselian ¥, wHBAL ||, MNFKRKY K L/K, HAEE—E [ LHyRIAE
. EF[L:Kl=nARRYT K, Mitisd

ol = /[N (@)

2. SHEE A RIY K, IR RIAIRA R K $RIAIRE L P e %In e,

IXRH] Hensel 1 L0 2 LA E & PR P A Kk o B IBEL A5 A, o B A 300 iy it A 1
B, N TEBRX g, BAIFESI S 2 v 8 K ERTEE0RE, 2

flx)=ay+az+ -+ a2" € Kx]

W2 aoa, £ 0. X5 i MHEEA (i,0(a;)) € R?, RFIIX n+ 1 DT OE, B33 %L,
MRE Sk,

XEERIIT A — RV B, FATHZINP R AC A Sy, So, -+ -0 REBLRBCHIRIRAR B2 B G 1Y,
PATH T 518
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Rk 3.9.1: HHT R E R E LS

& fl@)=a +az+-+a2" € Klx] & apan, #0, v A K LOBAE, w A [ 85 3%

&5

L Ewgstiakia, & (r,v(a,)) Bl (s,v(as)) AXBFRITE, FEBERTAH —m, N fBH
s—r MR oy, s, B

w(ay) =+ =w(as_p) =m

UEW SR AT S50, JEMR I AL /NS 20 2 ol AN ZI5 21 AW i m] A 2
T i R T FIRAE B, AR 3 RN

—m, < e < —my

ul
@) =aJ] 5@, s@= I @-a)

KT f; SRERERA —m; HF— BT .
ol 3.9.2
L& fep3sk, FREv AHFE—WBRE w iEdsk L £, WHM
f@)=an ][] fi(=)
Jj=1
& Klz] P85, B fi(z) € K[z].

TEPARET L, AT EARBE SR I ME—E, BJ& o € Gal(L|K), % w &3, M woo WL
i, P R RXHERE o, #H

w(z) = w(o(z))

TRUR f ALy, WAL AT B AR 5L A ga R

HEe 3.9.1
L fl@)=aytax+- - +a2" € Klz]) AT, HE a, #0, ERAESEB T E—2EIE,
A

’f’ = maX{|a0‘> ’an’}
HTFTOERA—FK, PTUAPTA &R BALAR LA KT
| {v(ao), v(an)}

FFIE.
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A2 Bi A Hensel 5] B 1521k U\H/Jénm(?ﬁi@ 3.7.2), FHEEMAUER T IRME RME— L HG, LAE
FRATTH FH VAR — ZE$0 AR B A4S B T X AN gE 18, AT AT DA B A ME — 2E 44 42 LAHE . Hensel 5|
#, MR CLBEAA Henselian 3.

EIE 3.9.2: Henselian B 5{ERNME—LEFA
EIT ARG (K, |-|) & henselian 3% BAL G AL T LA —E 46 B4 ERM P K E.

FABERTLAEE SIS 2 E — 2 W55

fEn 3.9.3

—ANAERT A RAERAEIR (K, v) & henselian ¥, W REEGE—FAX f(z) € Ola] AHF &
Br=0/p PHORALFHRAT

flx) = M -h(z) mod p

R f(z) T A H

L g,he O] AE— %A
g(x) =g(x) modp, h(z)=h(r) mod p

DIERE K /& henselian 3%, AEEIRME v, L/K N n RAREY 5K, W o AJLAME—RESRE] L
E,
v(Niyk (@)

n

w(a) =

i, A NN L IERE O, /B, MIERATA
v(K*) Cw(L®), KCA
Ko a¥n:
e =e(wlv) = (w(L*) : v(K*))

FABM R BN -

f=fwlv) :==[X: K]
v RBEBURME, W w BREE, O,p,7 5 O, B, 0 25N K M L FIREIR, WAEESERT,
WEATA

e = (w(Z : v(r)Z)
I AT W, v(n) = ew(ID), T2AT I,

m=¢ll®, 3 € Of

PRI P L3 5 3RAT T2 T BT 5 S 2 AR BOR AR, RN

pOr =P
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Rl 3.9.4: WMEBNEARZFR
RHEERE, WA [L:K]>ef, #0% v RERKMAL LK RTHY K, &

[L: K]=ef

F b, A K MEBER SR, WEME L/K A2y 5K, myME [L: K] =ef.

3.10 FRS I SRS YN 5K
AN EATL K 2 henselian $i, A AEFTHKGEMAE v, XM FSRIZRAEDS |- |, 3t
WREIR, WREAE SRR Ok, p, 5. L/K R—MEP 5K, WXRLEA O, B, A
EX 3.10.1: FES I

AR IR LK ARAESEE, BRI K Nk RTHVRFE [L: K| = [\: k. REF K
LIK #RA ARG, o R AR RAE DT I KaG 5.

il 3.10.1: IEFEFETIRS FH KIZE
A LK 5 K'|K AR —/AR&EM & K v85 K, & L'=LK', WA

LIK wunramified = L'|K' unramified
FAE DY TR T I IRAR R IR 589

WILAE T MR AR RY K, B Ak T4, ARAELRRTIESR N =r(a), FHERA
acOp, MEE K EGHBNEAX f(x), FHEAL p ARA f(o). @i B K KRMNNEKZ]

(A k] <deg(f) <degf=[K(a): K|<[L:K]

BT L/K S, Bl @43, fTUFE L=K), 80 f ER a £ L8RI5
MK, A2l L' = K'(a), % g(z) € Og/fz] A a &2 K' L&D ZHKX, REX g(z) = g(z)
mod p' A f(x) & &[z] FR—ABT, AdATH5E, FELRTL, TN @ Hensel 5|8 4nid g T
4. FTR&MA

[V /< [L: K] = deg(g) = deg(g) = [+'(@), '] < [N : ]

M (L K = [V K], #IAEH.

L/

/ wamiﬁed
L / K’

unramif& /

K
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% LK AIEpE Y3k UK 69745k, L@ &i UL AIESET K, £&
Nkl =[N N[N K]

251138 LIK JE2k. U

¥t 3.10.1: FEF B KAE BT —IE 7 B AY

# LK 5§ L'|K ZAFpHE4y, N LL'|K RAFH5H4.

ENX 3.10.2: T AKIESEFI 5K
A LK HREIT K, NAAHEN LTI RGER TIK #AFH LK QR KIEDETFH K.

el 3.10.2
T R EBA v £ N FRTHHE N, T 8WKREZSE K 69488, B w(T™) = v(K”).
A AR B 5K A R TR 3 AT o045k, iSRRI (E . IR K 2 K AR A,
K 75 K PR KIED B ikich K, HERECN « BT o Ha &, FERERS K HE. ik
ShE m 5k FIFHMER R, W2Z0A 2™ -1 7 &, L2722 HFHT 72, MWIA Hensel 5| B AHITELE
K B2 Feii, WmE « 2R, B4 &, HIXLSEME R RMRAER, bl K, HH
TX S B R AR R
MIXBEFH UG p = char(k) > 0, WEFRATATLLE X:
EX 3.10.3: Y471
REY K LK #AA D58 (tamely ramified), s RF| KRBT K N T 587K, FEH
([L:T),p)=1. FARLFTY K, EEZFHTAEE LIT 9T RGARKS p K.
oy BV, (B R RV SHRHME p ToRII b, 5 BEARGE AT
IL:K]=ef

HH Nk w5, Ba L/K B HNE e=1, M L/K Y10 EEEHA (e, p) = 1.
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Rl 3.10.3: BRI S EE
ATREY K LK AY 5B Y BAE 3K LT dakXAER:
L=T(m/ai,--, ™/ar)
®AF (mi,p) = 1. EXHEATEARFXERAR L
[L:K|=ef

el T UREATA PRI > B 5K AR 5 Lt AR AR 23 B8 73 B RS I T U80S R AR AR
HARKRE

#IL 3.10.2: P EXTETRE FHKIZE
ALK 5 K'|\K A KIK 89&ANTH K, L'=LK', N4
L|K tamely ramified = L'|K' tamely ramified

FAP 09 F I 5k A& B I 89

HEIL 3.10.3: YIS EXTEKIRE
D 535 A7 KA A AR AL A B % 89

E X 3.10.4: AR5 FH 5K
A LIK AREA K, WA TI KRG ER VIK AN LK 9B KI 9B T K.

B S w(L)®) AR PRI w € w(l?) AR TEE: FE—DEE m, #13 (m,p) =1
H
mw € v(K™)

PAED, w ERHE w(LX)/u(KX) FRIRS p &R, Hit:
w(L*)® fo(KX)
RSB w(L) /o(K>) PR S p BRFICRA A
Rl 3.10.4: MARYNZEFH KNG EIE
LIK 89 KI5 T I K VK #HALRIEH A
w(V>) = w(L*)”

EMAEBE v £ XN FOTHHAE N, 4R
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A AR RN 3 553 5ot R AE R R AR 70 B9 7k B 2l _E i AL U ERR I 5 p TERA% A

V(K*) —— w(T*) —— w(L*)P —— w(LX)
# LK 2 BRI 5K, e=¢ep® Hor (,p)=1, W[V :T]=¢. ¥k LK ARERE, #T=K,
Bl Kt A2 H CRIRCRAE D By 99k R LIK NEForIe, iSRRI B, BV # L.

#p 3.10.5
K AREQ BRI, HFEB v=F, AAREK, 4 L=K(C), (A n REABRELAR,
4 OO0k § Nk ABMAFR ER BT K, K (n,p) =1, WH

(1) LIK & [ RAFDEY K, £F f A ¢ B n 80, ¢=#k.
(2) Gal(L|K) #ER M T Gal(\|k), HERTA & L.

(3) O = Okl¢].

El 3.10.6
L C A pr-RAR AR, MNA
(1) Q(Q)IQ, Z&EDH, REH o(p™) =p" ' (p - 1).
(2) Gal(Qy()IQy) = (Z/p™Z)*.
(3) Zy[¢] H Qy(C) BIRAAZR.
(4) 1—C H Z,[C) 9F L, LEHA p.

3.11 MWEMY K

3.12 MH{EHY Galois IEit
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